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Abstract. Cyber-physical systems (CPS) such as autonomous cars, air-
craft, and robots are often also safety-critical; thus it is imperative that
they operate as intended with a high degree of certainty. Formal verifica-
tion has been employed to verify the software controlling these systems,
but due to their complexity, is usually performed on an abstract model
rather than the executable code. Synchronous programming languages
extended with differential equations promise both rigorous modeling and
sufficient expressiveness to implement executable controller code, and re-
cent developments have introduced formal verification of strictly discrete-
time programs. Extending these verification techniques to hybrid systems
enables precise modeling of the environment for a wider variety of pro-
grams to be both verified and executed. We formalize the operational
semantics of initial value problems and zero-crossing detection expressed
in a synchronous programming language, extend its type system for ver-
ification thereof, and prove its soundness.

Keywords: Hybrid Systems - Synchronous Programming - Type Theory
- Semantics - Cyber-Physical Systems.

1 Introduction

Cyber-physical systems (CPS), systems in which software operates in a physical
environment, are fundamental for modeling real-world systems such as robots
and embedded systems. Because of their physical effects, the software running
these systems is often safety-critical. Rigorous techniques such as formal meth-
ods are preferred over testing due to the complex interactions present. While
formal verification is typically done on an abstract mathematical model of the
system, direct verification of the executable code controlling a CPS provides a
more convincing result. This necessitates the development of semantics that can
accurately characterize the program. However, this is complicated by the fact
that CPS are often hybrid: the controller runs in discrete, synchronous steps,
while the physical environment evolves continuously (often modeled by ODEs),
so the overall behavior mixes discrete updates with continuous-time dynamics. A
promising direction is therefore to bring verification and implementation closer
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together in a single programming language with precise hybrid semantics, so that
verified properties directly correspond to the behavior of executable controller
code. The programming language for writing models must be mathematically
precise (that is, with unambiguous semantics and implementation) such that all
validation steps can be performed on the source, to give confidence on the model
itself and to automatically transfer some of the properties to the implementation.

Synchronous programming languages provide a strong foundation for this
goal such as Zélus [9], Lustre [I0], Esterel [§], Signal [19] and SCADE [13]. Their
stream-based, deterministic model of computation matches the structure of many
control programs, and their discipline of logical time aligns well with embedded
execution. Moreover, modern synchronous languages such as Zélus extend this
discrete-time core with continuous-time dynamics expressed as ordinary differen-
tial equations (ODEs), enabling programmers to model hybrid CPS in a unified
setting where discrete control logic coexists with continuous evolution [9]. In
such hybrid synchronous programs, the connection between discrete and contin-
uous behavior is often mediated by zero-crossings: discrete events occur when a
guard function over the continuous state crosses zero, triggering resets or mode
changes. Zero-crossings are thus central to both modeling and execution.

Recent work has shown that refinement types can be used to verify safety
properties of discrete-time synchronous programs directly in the source lan-
guage. Invariants are encoded as type refinements and discharging the result-
ing proof obligations with SMT solving [12]. However, extending this approach
from discrete-time streams to hybrid programs raises fundamental semantic and
proof-theoretic challenges. Continuous behavior exists outside of discrete-time
computation so safety must be shown for both continuous and discrete time,
and zero-crossings need to be defined precisely enough to support a sound the-
ory. At the same time, continuous-time verification benefits from proof principles
that differ from purely discrete induction; in particular, differential invariants, as
developed in differential dynamic logic, provide a well-established way to prove
that a property is preserved along ODE solutions [25].

This paper develops a refinement-type-based verification framework for hy-
brid synchronous programs that supports execution while providing formal guar-
antees against safety specifications. We present the following contributions:

1. A formal, modular definition of zero-crossings for hybrid synchronous pro-
grams.

2. Operational semantics and typing rules for verifying a synchronous program-
ming language with continuous dynamics and event-triggered resets based
on the hybrid synchronous language Zélus.

3. A definition and proof of type safety for the hybrid synchronous refinement
type metatheory.

2 Preliminaries

In this section, we present the preliminaries required for the development of our
theory.
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2.1 Synchronous Programming

Synchronous languages model computations as streams whose values evolve over
logical time [TO0ISITIIT3]. A program reacts in discrete logical instants (clock cy-
cles), producing a value for each stream at every instant, and all computations
within an instant must complete before the next instant begins. This yields a
deterministic model of computation that is well suited to control software and
embedded systems where predictability is essential. Under the synchronous hy-
pothesis, each reaction is treated as instantaneous at the level of logical time,
providing deterministic interaction points with the environment [7]. This dis-
cipline also supports modular compilation and compositional reasoning about
stream-based controllers [6]. These properties make synchronous programming
a natural foundation for hybrid systems: discrete controller updates occur at
logical instants, while continuous plant evolution (and event detection) can be
analyzed over the real-time intervals between reactions.

2.2 Hybrid Systems

Hybrid systems combine discrete control with continuous physical dynamics. A
standard mathematical model is the hybrid automaton: a finite set of modes, an
ODE (flow) associated with each mode, and guarded discrete transitions that
may reset the continuous state [IJI5]. Executions alternate between continuous
evolution that follows the active mode’s ODE and instantaneous jumps that
change mode and/or apply a reset. This model is well suited to CPS: controllers
update at discrete instants (e.g., periodic sampling and actuation), while the
plant evolves in continuous time between updates. In this work we adopt a hybrid
synchronous programming perspective via Zélus, which extends a Lustre-style
synchronous language with ODE-based continuous evolution and event-triggered
resets, allowing discrete control and continuous dynamics to be expressed and
executed within a single source language [5/9].

2.3 Differential Dynamic Logic (dL)

Our type system relies on proof rules for reasoning about continuous evolution
in the style of Platzer’s differential dynamic logic (dL) [26]. In dL, an ODE
evolution has the form

&= f(x) & Q(x),

where & denotes the time derivative of the state x(t) along a trajectory, i.e.,
i(t) = L2(t). Here the state variable = evolves continuously according to the
vector field f for an arbitrary duration, restricted to times during which the
evolution-domain constraint ) holds. Modal formulas [a]¢ (resp. (a)¢) state
that ¢ holds after all (resp. some) terminating runs of program «; we consider
only the former case.

A central proof technique we adopt is the differential invariant rule. Infor-

mally, to prove that a predicate P holds throughout an ODE evolution restricted
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to @, it suffices to show that P is preserved differentially while @ holds:

QF [ = f(z)P
Prli=f(z) & Q] P

(pT)

Here [a]¢ means ¢ holds after all terminating runs of «, and & = f(z) & Q
denotes continuous evolution & = f(z) restricted to states satisfying Q. The
formula P is the symbolic time derivative of P along the flow, and i := f (z)
assigns the derivative symbol & to f(x) to reduce checking P to an algebraic
condition under Q. Note that this differential evaluation can stop even though
@ does not become false, since in dL. an ODE command is non-deterministic in
its duration [26]. Unlike dL, where @ explicitly restricts the ODE and there is no
determined duration of evaluation, adapting this rule to zero-crossings requires
additional safeguards, established in subsequent sections.

2.4 Refinement Types

Refinement types strengthen a base type b with a logical predicate ¢, written
{v:b] p(v)}, to specify subsets of values of b satisfying . For example, positive
reals can be written {v : real | v > 0} [I6]. Operationally, refinement typing
supports generating verification conditions that can be discharged by automated
solvers, while keeping the core language type system largely unchanged [29]. We
use refinements to express safety properties of hybrid state variables and to
encode inductive invariants that must hold across both continuous evolution
and discrete resets.

2.5 Verification Via Typing

Verification via typing uses a type system as a lightweight, compositional proof
discipline: a program that type-checks is guaranteed to satisfy a class of seman-
tic safety properties, with the guarantee justified by a type soundness theorem
relating typing to the language’s operational semantics [32]. Liquid Types com-
bine Hindley—Milner inference with predicate abstraction to automatically infer
refinements strong enough to prove program invariants [29]. Other approaches
internalize program logics into types: Hoare Type Theory integrates Hoare-style
pre/postconditions into the type of effectful computations, enabling modular rea-
soning about stateful code within the type system [24]. Typing-based verification
has also been explored in the context of synchronous programming, where refine-
ment types are used to relate executable models and safety specifications within
a unified language and metatheory [12]. However, this line of work focuses on
a restricted fragment of the language limited to purely synchronous constructs,
leaving open the challenge of handling richer hybrid features addressed in the
present work.
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3 Formal Definition of Zero-Crossings

In this section we present a formal definition of zero-crossings based on the
observable behavior of real-valued guard functions. Intuitively, a zero-crossing
occurs when a function g(t) changes sign, i.e., it passes from negative to positive
or vice versa. In hybrid systems modelers, however, such sign tests are typically
not primitive semantic constructs. Conditions like > 0 are implemented via an
internal mechanism known as zero-crossing detection [T13I20].

There does not appear to be a single standard formal definition for zero-
crossings: candidate definitions based solely on sign change disagree on subtle
behaviors near zero, leading to implementation-dependent behavior and ambi-
guity in formal reasoning [3]. Since Zélus depends on zero-crossings to trigger
discrete computation, this definition is fundamental to all the subsequent for-
malism.

Notation. To make our results as general as possible, we introduce a new nota-
tion. For any a € {—oo} UR and b € RU {400}, we write (a; b)) for:

e (a;b) £ [a;b] if a € R and b € R;

e (a;b) £ (—o0;b] if a = —oc0 and b € R;

e (a;b) = [a;+00) if a € R and b = +o0;

e (a;b) £ (—o0;+0c0) if a = —co and b = +oo.
Note that (a;b) € R and cannot include —oo or +oo.

Basic hypotheses and setup. Throughout this section, let f be a function defined
as continuous on (¢;ul) with £ € {—c0} UR, u € RU {+oc0} and £ < u. We
consider only continuous functions. Let z € (¢; u) such that f(z) = 0. The goal is
to determine under which circumstances z should be considered a zero-
crossing. We limit ourselves to negative-to-positive zero-crossings; the opposite
case is symmetric.

We first note that the function f might be identically zero on an interval of
non-zero length around z. We would like to precisely define this segment, which
we will write (a;b). For this purpose, let us define a and b as:

e a = inf{a € (6;u) | Vo € (a; 2], f(z) = 0};
e b= sup{b e (l;u) | Vo € [2;b), f(x) = 0}.

3.1 Case Distinction
We now have the following properties for a and b:

a€{—oo}UR and b € RU {+o0};

Vo € Qa,b[),f(:l:) =0

(a; ) C (;u)), ie. £ <a<b<u

if a>1> —o0, then Ve > 0,3z € [a — ¢;a), f(z) # 0;
if b < u < +oo, then Ve > 0,3z € (b;b+¢], f(x) #0.
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If a = b, the function f is only equal to zero at one point z = a = b, and non-
zero right before and right after: we will say that the function is passing through
z=a=>b.If a <b, the function f is identically zero on (a;b), we will say that
the function f is staying on (a;b).

With this definition, we identify 85 cases arising from various combinations
of behaviors to the left and right of a candidate zero-crossing, as well as passing
and staying, summarized in the extended version of the paper and Figure [I}

3.2 Desirable properties

1. If there exist x,y € (¢;u) such that © < y, f(z) < 0 and f(y) > 0, then there
exists a zero-crossing z € (z;y).

2. The function f should be strictly negative somewhere left of, and strictly
positive somewhere right of a zero-crossing z, formally:
Jz,y € (Gu),x < z<wu, f(x) <0and f(y) > 0.

3. A passing case should be a zero-crossing if and only if its corresponding
staying case is also a zero-crossing.

Another decision is which point should be the zero-crossing in the staying
case where a < b. We would typically want the zero-crossing to be a or b, but
which one is a matter of convention. For this paper, we will pick b (but the
subsequent developments can easily be adapted if picking a).

In light of these considerations, we define zero-crossings as follows:

Definition 1. z € R is a zero-crossing for a continuous function f if and only
if there exist a € R and b € R with a < b and z = b such that:

1. Yz € [a,b], f(z) =0;
2. ¥Ye> 0,3z € [a —¢a), f(x) <O0;
3. Ye> 0,3z € (b;b+ ¢, f(x) > 0.

4 Syntax

We model the hybrid syntax (Fig. [2]) as a subset of the existing Zélus syntax
[5]. We extend this core syntax with reset clauses, which are essential for our
hybrid examples; although resets are supported by the Zélus implementation,
they are omitted from the minimal formal syntax in [5] and later introduced
as equations in [4]. We syntactically distinguish among expressions that are
purely continuous-time, ce, purely discrete-time, de, and hybrid, e. Continuous
expressions consist of constants, variables, arithmetic operations, and tuples, and
form the fragment that can appear in differential equations and zero-crossing
guards. The last operator represents the left limit of the continuous variable x.
Discrete expressions are inherited from prior work on a purely discrete subset of
Zélus [12]; they include standard synchronous constructs such as local bindings,
recursion, function application, and fby, the operator that initializes a stream
with one value and specifies its subsequent values with another expression.
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Fig. 1. Visualization of the 85 different cases studied in this paper: Rows A—G repre-
sent the seven possible behaviors of f on arbitrarily small left neighborhoods of a, and
columns 1-7 represent the symmetric seven behaviors on arbitrarily small right neigh-
borhoods of b. Each panel shows the function shape corresponding to the intersection
of the row and column cases. For each case (e.g. E4), there are two subcases, for the
passing case (a = b) and the staying case (a < b). All cases are explained in detail in
the extended version of the paper. For cases in line G and column 7, only the staying
case is applicable.
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cen=c|x|lastx | cer @ cez | (ce1,...,cem) Continuous Expressions
de :=c| x| lety, (x:7)=dei in des Discrete Expressions
| let recy, (x:7) =de1 indes | f x| dex fby des
| delay(de) | if x then deq else des | (dex, ..., dem)

e = let rec der x™ = cey
init deg (reset up(ce;) — der,i)ic[1,n] in ce Hybrid Expressions
Du=letz:T=ce|letz:7=de Global Definitions

[let f (z:71): 72 =de
Fig. 2. Program Syntax

The central hybrid construct is let rec der ... init ... reset ... in ce, which
describes a continuous segment governed by an ODE together with event trig-
gered resets that restart the segment when an upward zero-crossing is detected.
Tuples provide a uniform way to represent multi-dimensional continuous state,
which is needed because many of our examples evolve over several continuous
variables simultaneously. Finally, global definitions, D, are top-level assignments
that form the initial environment of a program and may be used to define con-
stant variables or discrete functions.

4.1 Specification Syntax

We derive our specification syntax (Fig. [3)) from prior work on refinement types
for synchronous programming [12]. A refinement type has the form {v : b | ¢},
where b is a base type and ¢ constrains the values of v. In our hybrid setting,
however, ¢ is restricted to an invariant trace predicate of the form [p, where
p is a state predicate over continuous expressions. Intuitively, this means that
refinements specify safety properties that must hold throughout the execution
of a hybrid program, rather than only at a single logical instant.

A key difference is the omission of “point-wise” temporal predicates such as
(O and hd(), which apply instantaneously to a specific point in time and are
less useful for continuous programs. Consequently, all type refinements become
invariant specifications. The syntax of discrete-time types is unchanged apart
from requiring invariant types. Although continuous programs are represented
in Zélus using floating-point numbers, we make the simplifying assumption that
their representation is precise enough to be treated as reals and defer to the
existing literature for formally treating floating-point errors.

5 Motivating Examples

We begin by providing some motivating examples of systems exhibiting hybrid
behavior, and demonstrate how they can be verified using our formalism (Sec-
tion . Additional examples can be found in the extended version of the paper.
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Tu=b| {v:b]|e} (Types)
bu=float| b1 X b2 X ... X by (Base Types)
p,q = true | false | & | ce1 =cea | cexr > cea (State Predicates)
| pAa | —p
pu=0p (Trace Predicates)

Fig. 3. Hybrid Type Syntax

5.1 Water Tank

A hybrid system often has multiple reset conditions and these resets do not
always have direct influence over the variable of interest. The following program
demonstrates a controller which is responsible for filling or draining a tank of
water to maintain its level between two setpoints. In this case, the resets do not
directly set the water level but instead influence its rate of change. For simplicity,
we assume the flow rate can react instantaneously to controller inputs.

1 let rec der (level, flow) =(flow init 5., 0. init 5.) reset
2 | up(level -. 9.) -> (last level, -5.)

3 | up(-.level +. 1.) -> (last level, 5.)

4 in (level, flow)

Ensure: 1 < level <9 at all times

5.2 Event-Triggered Automatic Braking

This system features a vehicle equipped with an automatic braking controller
modeled after [22]. The vehicle begins behind a stationary obstacle with an
initial velocity and acceleration. The vehicle’s starting position is assumed to
be far enough behind the obstacle that a collision-free trajectory is possible
given the vehicle’s maximum braking deceleration. The controller is triggered to
react when the position at which the vehicle will stop given maximum braking
force begins to surpass the position of the obstacle (plus a safety margin), at
which point the controller applies full braking deceleration. The vehicle stops
decelerating when its velocity reaches zero. The property to verify is that the
vehicle’s position never exceeds that of the obstacle, hence remaining collision-
free.

1 1let x_obs = 5.; brake = -0.2

2 1let rec der (x,v,a) = (v init 0., a init 1., 0. init 1.) reset
3 | up(x -. (v *. v /. (2. *. brake)) +. 0.1 -. x_obs) ->

4 (last x, last v, brake)

5 | up(-. v ) -> (last x, last v, 0.)

6 in (x, v, a)

Ensure: ¢ < zps
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6 Hybrid Stream Semantics

We extend the semantics of the existing discrete-time synchronous language
MARVeLus, [12] which expresses a single step of a stream program’s execution

with the judgment S;o F e el A program, represented by e, is executed
in an environment S; o of functions and terms respectively. The use of separate
environments is consistent with previous formalisms [I25]. This results in a value
v, which is the output of the expression for a given instant in time, as well as a
rewritten expression €’ to be executed in the next instant. Intuitively, the value
v represents the concrete value represented by the program e, while €’ represents
the program’s future behavior.

The semantics of MARVeLus are equipped to model a strictly discrete-time
subset of Zélus. Consequently, the goal of our formalism is to not only extend
the MARVeLus semantics with continuous dynamics, but to also ensure our
extension is compatible with the original discrete-time semantics so that the
combined semantics can express hybrid behaviors.

Mixing of continuous and discrete time components is particularly challeng-
ing. Fortunately, Zélus addresses this with its handling of physical and logical
time, allowing the two to synchronize exclusively at the occurrence of upward
zero-crossings [5]. When a Zélus program executes, either the continuous or the
discrete components are executed, but never both simultaneously. The discrete
program executes an entire synchronous iteration in zero physical time, at which
point the system integrates the continuous-time dynamics until a zero-crossing
detection is triggered. If or when this occurs, the discrete program resumes with
logical time advanced by one instant and variable values possibly updated by
the continuous dynamics. This cycle repeats indefinitely, resulting in program
execution that alternates between continuous- and discrete-time phases. We note
that continuous (hybrid) programs may contain discrete subterms, but not the
other way around. This is consistent with the design of Zélus. Therefore, a hy-
brid program has all its continuous components at the top-level and never inside
any discrete components.

We begin by defining the semantics of continuous expressions and predicates,
following a similar convention to dL [26]. Given a finite set of variables Var, a
continuous expression ce of base type b is evaluated in a state . : Var — R as
[ce] : . — b, defined as:

Definition 2. For a state w : &:

[x]w = w(x) if x is a variable

[c]w = ¢ if ¢ is a constant

[cer @ ces]w = [ce1]w B [eex]w — where & is a binary arithmetic operator

[p & qw = [plw & [g]w where & is a logical connective
[-plw = —[p]w

[(cep,...,cen)]w = ([eer]w, ...[cen]w)
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In the case of vector expressions, such as x defined as (z1, ...« ), we implicitly
apply necessary projection and concatenation operations but otherwise treat
them as a single expression. Note that our convention is reversed from that of
[26] to the expression-then-environment notation, to be more consistent with
other operational semantics.

Syntactically determining the solution for a dynamical system is beyond the
scope of the present work; we assume the existence of solutions of the dynamical
systems. Consequently, we define an abstract solver “flow” and its accompany-
ing semantic rule written in terms of such a solution to obtain the continuous
evolution of the system until the next zero-crossing:

viot' € 0.6:) PO )~ feei o) o0)x) = vo

dp)(¥) 1 _
o t)=0
t, = 400V t, is the first zero-crossing of {[u;]p(t) | j € [1,m]}

ok flow(der X = ce, Vo, {Uj}je[l,m]) [} (t — p(t), tr)

Vy,Vi. Vt' € [0,t.].y #x; = | ply) =0o(y) A

Here, a dynamical system composed of one or more differential equations,
their initial states, zero-crossing detection functions, and the surrounding global
environment has a solution given by the time-varying state p(t) defined from
t=0tot =t € R} U{4o0} (strictly positive or infinity), equivalently ¢, €
(0, 4+00] at which point ¢, is the earliest time satisfying the chosen zero-crossing
predicate for u. Consequently, p(¢,) represents the system state at the moment a
zero crossing occurs (if it reaches the zero-crossing). Continuous global definitions
are also imported into p from o; we follow the convention of dL in requiring that
they are constant [26].

Definition 3. For time t € R% U {+o0}, t is the first zero-crossing of a set of
n functions {f; : R U {+o00} = R | i € [1,n]} if:

e Ji€[l,n]. L. is a zero-crossing of f;(t,), and
o Vt' <t,..Pic[l,n] .t isa zero-crossing of fi(t,)

Here, in p : [0,t. + €] — &, for a sufficient € to verify that ¢,. is a zero-
crossing according to Definition [I] and . : Var — R which associates a finite
set of variables to real values.

We define two semantic rules (S-LETREC-DER-FIN) and (S-LETREC-DER-
INF) for the two possibilities of hybrid program execution—finite and infinite
continuous segments respectively. The judgment returns a “trace" of the pro-
gram’s continuous execution and the length for which said segment had evolved.
In the finite case, the judgment also provides the output of the program af-
ter the reset. (S-LETREC-DER-FIN) first evaluates the expression deg defining
the continuous segment’s initial condition using discrete computation. Then the
semantic judgment on flow is invoked to obtain a trace of the program’s dynami-
cal behavior until a zero-crossing is encountered. It is necessary to disambiguate
zero-crossings in the case where two guards u; and u; simultaneously approach
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(S-LETREC-DER-FIN)
S;o t deo <3 (deo)’ flow(der 2™ = cey,vo, (cew,i)ici,n)) I (o, tr)
t, < +oo j=min({j | 7 € [1,n] At, is a zero-crossing of [ce. ;]p(t)})
S;o, (™ = p(ty) (™) il F dey i de;. ;

S; 0 - let rec der x™ : 7 = cey init deo reset (up(ceu,i) — deri)icii,n in ce
(t’_’([[CE]]PU))vt(T_))?[[CE]][Im’_’”r,j]

let rec der x™ : T = cey init vy ; reset (up(ceu,i) — deri)icqi,n[der,; — de;. ;] in ce

(S-LETREC-DER-INF)
S;o F deg & (deo)' flow(der 2™ = cey, vo, (ceu,i)ierin)) ¥ (p, +00)

S; o b let rec der x™ : 7 = cey init deo reset (up(ceu,i) — deri)icii,n in ce
(t—>([eelp(t)),+o0);nil
= [o0]

. . . (v(t),tp);[vep|nil] ,
Fig. 4. Hybrid Stream Semantics of the form S;o F e < e

zero. The semantics of Zélus deterministically chooses the first zero-crossing by
syntactic order. Finally, when a zero-crossing is encountered, the j-th expression
representing its reset is evaluated with the values of the continuous variables
immediately prior to reset populated in its context. (S-LETREC-DER-INF) has
a similar structure for its initial and continuous phases.

[0o] denotes the result of a continuous phase which never resets. This is dis-
tinct from the classic notion of “getting stuck" in operational semantics; the
program still evolves in continuous time but requires no intervention from dis-
crete resets to remain safe. Thus no discrete computation is triggered.

Note that a rewrite of a hybrid program can produce one of two outputs,
respectively for the finite and infinite cases:

o (t = [eelp(t),tr); [ee][z™ — wvrj] + (([0,8] = b) x RYL U{oo}) ;b for pro-
grams where the current continuous segment concludes with a zero-crossing
detection; [z — v, ;] represents the program’s state after the discrete com-
putation following the zero-crossing detection and b is the base type of ce,
the expression to be evaluated in the context of the hybrid definition.

o (t > [ce]p(t),t,);nil: ([0,2,] = b) x R% U{oc} for programs with an infinite
continuous segment and thus do not produce a reset value

6.1 Predicate Semantics

Verifying that a hybrid program satisfies a given predicate requires formally
establishing the requirements for each phase of execution to guarantee its satis-
faction. In the discrete-time case [12], this requires showing that the program’s
value computed (hence its “output”) at each instant satisfies the requirements



Towards Formal Verification of Hybrid Synchronous Programs 13

for the predicate at that instant. The hybrid case introduces some additional
complexity. Although the program still only computes outputs on discrete-time
events, one must also guarantee that the program’s dynamics do not violate the
specification in the continuous-time phase between these events. Naturally, this
requires knowing that a program’s execution satisfies the specification for the en-
tire duration of all continuous-time phases, and that furthermore, any discrete
computations instantaneously satisfy the specification as well. Since we are pri-
marily interested in verifying safety conditions, we focus on invariant properties
of the form Op.

Definition 4. A hybrid program e satisfies an invariant property Oq if:

e For any continuous execution of e over time t € [0,t,],t, € RY U {+o0}
producing a trace p(t), [qlp(t) is true for all t € [0,1,]

e For any discrete computation e, & el within e which resets its state produc-
ing the post-reset state [x — v,], [q][x — v,] is true.

Note that, in our semantics, t represents the time elapsed since the beginning
of the current continuous segment, not global time. Consequently, we require an
invariant property to hold for any continuous or discrete execution that occurs
at any time.

A pathological case that arises in hybrid systems is Zeno behavior, in which
the number of discrete-time events within a given span of time tends towards
infinity, as demonstrated by a bouncing ball with decaying velocity. As a result,
there is a finite time beyond which the system cannot progress. Hybrid modelers
of all kinds must contend with such behaviors and there are approaches to miti-
gating issues that arise in simulating them [I8]. We make no claim of addressing
liveness in these cases. Instead we note that since our predicate semantics is
oriented around the execution trace of the program rather than physical time,
invariant properties do not make potentially unsafe claims about the system’s
safety beyond reachable times if Zeno behavior exists. In all other cases, the time
of the execution would indeed extend to infinity.

7 The Hybrid Type System

The type system of the hybrid extension is constructed with adequate conditions
so that a well-typed program is guaranteed to provably satisfy a given safety
property, encoded as a refinement type. We take inspiration from the sound
inference rules of dL. and consequently structure our typing rules similarly.

A crucial difference that arises when applying these techniques to verifying
Zélus programs is that there is no exact equivalent to dL’s evolution domain,
which immediately interrupts continuous evolution if the system begins to exit
said domain, in Zélus. While upward zero-crossing detection can approximate
an evolution domain, the safe application of this technique is nontrivial. An
evolution domain simply examines the instantaneous value of the system to
determine whether to interrupt the continuous segment, so it is easy to guard
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against, for instance, a value exceeding a given number. However, a zero-crossing
detector, per Definition[I} can only do the same if its guard is first negative for a
nonzero period of time. As a result, the properties that a zero-crossing detector
can “guard” against can only be assumed if the zero-crossing detector can be
verified to be “active" at that moment. We introduce the following operator:

Definition 5.

Active(v,{u1, .., up}) =

/\{D(ul <0) | [(wi <0 V (u; =0=14; <0))][x+—v]}

which, for a given value v representing the current state of the system, provides
the predicates based on the guards of the zero-crossing detectors that can be
assumed to be true until at least the next zero-crossing (or for all time if none
occur). This is helpful because not all properties can be proven with a differential
invariant alone. Thus, this function helps determine which parts of a property
can be assumed true in the presence of zero-crossing detectors that will interrupt
the program before they are violated. To prove an invariant property I is true for
a continuous segment with an initial value vg, it is necessary to find a ¢ that is
provable via differential invariants such that (¢ A Active(vg, {u1,...un})) = I.

A zero-crossing guard u; is “active" if at any point during the execution of
the continuous segment ¢ € (0,¢,], [u;]p(t) = 0 implies that ¢ is a zero-crossing
of u;. Definition [5| considers only zero-crossings that can be determined to be
active knowing only their instantaneous position and derivative. This is desirable
for the proof because it requires no knowledge of the dynamical system’s explicit
solution. Requiring that u; begins negative is obvious; it will require a nonzero
amount of time for u; to evolve towards zero thus satisfying Definition (1] The
second condition, also allowing u; to be considered active if it begins at zero with
a negative derivative, arises because u; will immediately become negative during
the continuous segment, thus also requiring nonzero time to continuously evolve
towards zero. Here, 1; represents the symbolic time derivative of the expression,
as defined in [26]. This allows, for instance, verifying that a bouncing ball does
not fall through the ground immediately after a bounce, since it would be moving
away from the ground.

Safety of a program’s execution is proven by induction on segments consisting
of continuous integration possibly interrupted by a zero-crossing and a discrete
computation which initializes the next segment. This is captured in the typing
rule (T-DER-FIN) (Fig. p). For each segment, the initial value must first be ver-
ified safe. Then, using differential reasoning based on the zero-crossings that are
active at the beginning of the continuous period, the continuous part is proven
to also obey the invariant. This involves determining which parts of the invariant
are proven with knowledge that the active zero-crossings will interrupt execu-
tion before they are violated, and then verifying that the remaining portion is
provable via a differential invariant. Although these are expressed as existentials
in the typing rule, they can be determined based on user-provided annotations
or simple heuristic methods in implementation. Concretely, one portion of the



Towards Formal Verification of Hybrid Synchronous Programs 15

(T-DER-FIN)
(T1) 3¢r.Tox: {v:blp(v)}, @ : {v:blv=—er} Feo: {v:b|ld(v) AP (E)A
((¢1(z) A Active(v,{u1...un}) = ¢(z))}
(T2) Vie [1,n],3pir . Iz : {v:blop(w) Aus(v) =0}z : {v:blv=-es}F
eni : {0+ Bl6(0) A 61 ()A
((¢4,1(z) A Active(v, {u1...un}) = ¢(x))}
(T3) Iz : {v: blp(v)} Fee: T
| up(u1)—rer,1
I' - let rec der = : {v : b|p(v)} = ey init ep reset : ince:T

| Up(un)_)er,n

(T-DER-INF) — -

Fig. 5. Stream Typing Rules for Hybrid Expressions

safety predicate may be designated by the user as the part to be established by
differential reasoning. In this way, the existential form of the rule reflects proof
flexibility for the metatheory, while still admitting a practical implementation.

Finally, all possible resets of the system are proven safe with respect to their
triggering conditions to ensure that they are safe initial conditions for subsequent
continuous integration. The infinite case types the residual term resulting from
rewriting a hybrid expressions with an infinite continuous segment. Since the
previous expression would have been well-typed through an application of (T-
DER-FIN) which guarantees safety until the next reset, an absence of resets
would vacuously imply safety for an infinite amount of time. Thus, no additional
verification is necessary.

7.1 Type Safety

We prove type safety roughly following the classical syntax-guided manner of
Wright and Felleisen [32].

Environment correspondence. We write I" =~ (S;0) for the standard corre-
spondence between a typing environment I" and a runtime configuration (S;0)
(control state S with store/history o). Formally,

I'=(S;0) = Vazedom(l).z€dom(a) A (S;0)F o(z): ['(x).

That is, every variable declared in I' is bound in ¢, and its runtime value is
well-typed with respect to I'.

Discrete preservation Our hybrid extension shares the discrete sublanguage and
its small-step semantics with MARVeLus. Therefore, we reuse the discrete type
preservation result [12], specifically Lemma 4 (Type Preservation), for all purely
discrete evaluation and stepping that occurs inside reset branches and other
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non-continuous terms. Furthermore, correspondence is shown to be preserved by
terms introduced into the discrete environment by continuous components.

Lemma 1 (First up-crossing implies preservation of the active do-
main). Assume

flow(der T = efv Zo, {ulv e 7un}) lL (p7 tT")

with t, < +00, and suppose branch i triggers at t, (i.e., t, is the first upward
zero-crossing among the monitored signals). Let Active be the predicate from
Definition[5 Then:

vt € [0,t,]. Active(p(0)(x), {u1,...,un}) and ui(p(t:)(z)) =0

where i is the index of the first zero-crossing per Definition[3, i.e. the evolution-
domain facts contributed by Active are preserved up to t,.

Proof can be found in the extended version of the paper.

Lemma 2 (Monitored-domain preservation for non-terminating flow).
Assume
flow(der T =E€f, Lo, {ulv SR 7“’71}) J (p7 +OO)

Let Active be the predicate from Definition[5. Then:
Vt > 0. Active(p(0)(z), {u1, ..., un}).
Proof can be found in the extended version of the paper.

Lemma 3 (Continuous Type Preservation).
A hybrid program e in an environment I' corresponding with (S; o), which is

well-typed (I'te:{v:b | O¢(v)}), and steps (S;o - e (U(t)’t:—);[mn“] €e'), has the
following hold:

1. Dyo,¢,19(v(t))
2. 'k, {v:b| Op(v)} if t, is finite
3. ke :{v:b|Opv)}

We prove that a well-typed continuous equation, with sufficiently safe initial
conditions per (T-DER-FIN), remains well-typed after one continuous segment,
and that its generated trajectory satisfies the safety predicate throughout the
corresponding integration interval. For the finite case, we use the operational
semantics to obtain a trace p(t) up to the first monitored event time ¢,; Lemmal[l]
shows that the conditions induced by the monitored guards hold for all ¢ € [0, ¢,.].

We then combine these domain facts with the differential invariant provided
by the typing premises (via Platzer’s differential invariant rule [26]) to conclude
that the continuous segment is safe (1). We then show that, in the case of finite
t,, the assumptions for discrete type preservation are met, and that the value
obtained by executing the discrete program comprising the reset preserves the
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invariant (2). Furthermore, we show that this constitutes an initial condition suf-
ficiently safe so that the subsequent continuous segment can then be proven safe
(3). Per (S-LETREC-DER-FIN), this value is rewritten as the initial condition
for the next iteration, thus enabling an inductive proof of safety. For the infi-
nite case, the same argument applies, except that the monitored-domain lemma
holds for all time, yielding a direct proof of (1) and an inert [oo] residual that is
typed directly. The complete proof can be found in the extended version of the

paper.

8 Verifying the Examples

We provide brief proof sketches for using our formalism to verify safety of the
examples introduced in Section |5} Detailed proofs can be found in the extended
version of the paper.

8.1 Water Tank

This system is proven safe by establishing that the invariant (1 < level < 9)
holds throughout execution. Per (T-DER-FIN), the initial condition satisfies
the invariant, so we may assume safety at the start of the first segment. During
each continuous evolution, safety is maintained because the active zero-crossing
guards become critical before either bound is violated, forcing a reset while the
invariant still holds. Each reset then re-establishes (1 < level < 9) and drives
the dynamics back inward, yielding a safe starting state for the next segment.
Repeating this argument over successive continuous segments and resets yields,
by induction, that the invariant holds globally.

8.2 Event-Triggered Automatic Braking

This system is proven safe by first proving that the invariant O(x — 12’—2 < Zobs)
holds. Per (T-DER-FIN), the initial condition can be proven safe with the trivial
differential invariant ¢; = true since the zero-crossing guard, which is identical to
the invariant, is negative. Since the reset expression sets the acceleration exactly
equal to the acceleration required to stop at exactly the position of the obstacle,
the zero-crossing guard stays at zero and thus the invariant must shift back to
¢ to be proven using the differential invariant technique.

More examples and their corresponding proofs can be found in the extended
version of the paper.

9 Related Work

Hybrid Semantics: Precision is essential in hybrid semantics, and is particularly
challenging when discrete program executions must be scheduled along with con-
tinuous dynamics, as imprecise semantics leads to unpredictable models of their
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interactions. This has been addressed in the Zélus language [5] which restricts
interactions between continuous and discrete executions to mitigate inconsisten-
cies that may arise from solver implementation. Benveniste et al. characterize
the hybrid semantics of Zélus with a non-standard semantics based on infinites-
imal time steps and idealized micro-steps [3]. In contrast, our work stays within
the conventional time representation common to other formalisms of hybrid se-
mantics but makes the semantics of event detection (zero-crossings) explicit so
that sound reasoning principles can be stated directly. Differential dynamic logic
(dL) provides a compositional deductive verification framework for hybrid sys-
tems, with proof rules tailored to hybrid programs and differential equations [25].
Operational accounts in Ptolemy II and related work emphasize executability,
determinism, and discrete/continuous interaction (often via superdense time)
[20]. Our work is complementary: rather than proposing a general proof calcu-
lus or a particular execution model, we formalize language-level event detection
(zero-crossings) and its interaction with continuous evolution so that metatheory
and type-based verification can rely on a precise account of events.

Verifying Hybrid Systems and CPS: Verification of hybrid systems has been
extensively studied in control theory, with approaches like barrier certificates
[28] which can efficiently provide sufficient safety conditions. However, there is
also interest in verifying systems described by programming languages as they
may offer a more straightforward transfer to real-world implementations. Lin-
gua Franca makes timing and concurrency semantics explicit for CPS using
specific models of computation, enabling deterministic-by-construction designs
[21]. Recent work also formalizes subsets of Lingua Franca in rewriting logic
to support analysis in Maude [23]. These efforts reinforce the broader trend of
semantics-driven verification; our contribution addresses the analogous need for
hybrid programs by establishing zero-crossings and continuous evolution in a
verification-friendly semantics. Similarly, KeYmaera X is an interactive and au-
tomated theorem prover for hybrid systems based on dL, with tactic-based proof
search and a small trusted core [14]. Furthermore, Plaidypvs [31] embeds dL into
PVS, supporting standard dL-style proofs while additionally enabling reuse of
existing PVS theories to reason over broad classes of hybrid programs [31]. While
our approach in comparison is more limiting in the systems that are verifiable, we
accept this compromise in the interest of pursuing automated verification via the
type checker and direct execution of verified source code. Another related work
is HABS, a hybrid programming language for formal modeling and verification
of hybrid systems [I7], which uses a similar synchronization mechanism. HABS
translates programs into differential dynamic logic and discharges the resulting
proof obligations in KeYmaera X, whereas our work targets Zélus and performs
verification at compile time via refinement typing. There are also specification-
based runtime monitoring approaches for cyber-physical systems |2]. These meth-
ods monitor and predict CPS behaviors during simulation-time or at runtime,
while our work instead targets compile-time verification through a refinement
type system for statically establishing safety properties.
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Verification via Types: Liquid types enable automated type-checking by restrict-
ing refinements to a decidable fragment [29], and LiquidHaskell shows these ideas
scale to realistic programs without changing the dynamic semantics [30]. This
motivates using types as a lightweight automated verification interface. Our set-
ting differs in that correctness depends not only on value-level invariants but also
on the meaning of continuous evolution and event detection, which necessitates
a formal characterization of zero-crossings for type soundness and verification.

10 Discussion

The formalization of zero-crossings and hybrid synchronous semantics lays the
critical groundwork for a language capable of simultaneous formal verification
and execution. Our framework interprets a hybrid program’s execution as a
stream of alternating continuous and discrete executions. This enables invari-
ants to be proven via induction. Due to the unique semantics induced by the
Zélus zero-crossing detector up(), establishing sufficient conditions to success-
fully prove safety via induction proved to be surprisingly complex. Nevertheless,
this method provides an approach to syntactically verify the correctness of a
synchronous program with hybrid components using tactics inspired by differ-
ential dynamic logic [26]. Compared to dL, synchronizing discrete events is more
challenging due to our handling of zero-crossings. We gain an executable, com-
positional language-level proof interface but lack an explicit evolution-domain
constraint ) as in dL. Compared to hybrid automata, we gain determinism and
code alignment, but must handle low-level event corner cases more explicitly.
Our current formalization handles discrete transitions induced by zero-crossing
events of continuous expressions, but does not yet account for inherently discrete
or exogenous events outside that mechanism.

Although the restriction of our predicates to strictly invariant properties al-
lowed for simpler proofs, it may be useful to expand the proof rules to account for
other temporal operators or logics, like Signal Temporal Logic which ranges over
time intervals. Furthermore, the formalism would benefit greatly from automa-
tion in an SMT-based type system like that of Liquid Haskell [30], or combined
with MARVeLus [12] to form a complete, automatically verifiable hybrid subset
of Zélus. Nevertheless, in its current state, our formalism demonstrates that it
is possible to characterize zero-crossings and synchronous hybrid programs that
rely on them to verify safety properties.
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A Case Distinction

We have identified the following 7 cases for x < a:

A f is strictly negative in a ball left of a. Formally: £ < a and dn > 0,Vx €

[CL - 7770’)3 f(.f) <.
Examples: (z — a)?**1, —|z — a|*, fexp(fﬁ).

f is strictly positive in a ball left of a. Formally: ¢ < a and dn > 0,Vz €
[a —n,a), f(z) > 0.

Examples: (z —a)?*, |z — a|*, exp(—ﬁ).

f is both strictly positive and strictly negative in any ball left of a. Formally:
¢ < aandVn>0,3z,y € [a—n,a) such that f(z) > 0 and f(y) < 0.

Examples: (z — a)*sin(-1-), exp(—ﬁ) sin(—L-).

f is negative or zero in a ball left of a, and is both negative and zero in any
ball left of a. Formally: £ < a and In > 0,Vx € [a — n,a), f(z) < 0 and
Yy > 0,3z,y € [a —n,a) such that f(z) <0 and f(y) = 0.

Examples: —(z — a)?* sin®(-1), — exp(—ﬁ) sin®(=1-).

f is positive or zero in a ball left of a, and is both positive and zero in any
ball left of a. Formally: £ < a and In > 0,Vx € [a — n,a), f(z) > 0 and
Vn > 0,3z,y € [a —n,a) such that f(z) >0 and f(y) = 0.

Examples: (z — a)?* sin®(-1-), exp(fﬁ) sin?(-1).

¢ = a € R. This is equivalent to Va € [¢;b], 2z = 0.

{=a= —o0.

The 7 cases for x > b are symmetric:

. f is strictly positive in a ball right of b. Formally: b < v and 3In > 0,Vx €

(b,b+n], f(x) > 0.
Examples: (z — b)*, |z — b|*, exp(—ﬁ).

. f is strictly negative in a ball right of b. Formally: b < v and 3dn > 0,Vx €

Examples: —(x — b)k, —|z — b|ka - exp(—ﬁ)-

. fis both strictly positive and strictly negative in any ball right of b. Formally:

b <wu and Vn > 0,3x,y € (b,b+ n] such that f(z) >0 and f(y) <O0.
Example: (z — b)" sin(-1).

xr—b

. f is positive or zero in a ball right of b, and is both positive and zero in any

ball right of b. Formally: b < w and 3n > 0,Vz € (b,b+ 7], f(z) > 0 and
VYn > 0,3z,y € (b,b+ 1| such that f(z) > 0 and f(y) = 0.

Example: (z — b)%* sing(ﬁ)'

. f is negative or zero in a ball right of b, and is both negative and zero in

any ball right of b. Formally: b < « and In > 0,Vz € (b,b+ 7], f(z) <0 and
Vn > 0,3z,y € (b,b+ n] such that f(z) <0 and f(y) =0.

Example: —(z — )2 Sin2(ﬁ)-

. b=w € R. This is equivalent to Vz € [a;u],x = 0.
. b=u=+o0.
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The 7 cases for x < a and the 7 cases z > b give rise to 49 cases, most
of them subdivided into a passing subcase and a staying subcase, bringing the
total to 85. All those cases are summarized in Figure[I] Line G and column 7 do
not have passing subcases, because it does not make sense to have a = b with
a = —00 or b =+o00.

We now turn our interest to understanding the different possibilities for f
when = < a and = > b. We identify 7 different cases when z < a (numbered
A to G), as well as 7 different cases when x > b (numbered 1 to 7). All cases
are explained using examples in Appendix [A] and they are also summarized in
Figure [I] In examples of this section, when a function is undefined at a point,
by convention we extend it (by continuity) by zero at this point.

A.1 Possible Formal Definitions of a Zero-Crossing

Now that we have identified all possible cases, We are now ready to decide which
cases should be zero-crossings, and which cases should not. But first we identify
desirable properties of the definition.

Formal definitions of Zero-Crossings To respect Desirable Property 2 in
Section [3] we eliminate columns 2, 5, 6 and 7; as well as lines B, E, F and G.
We believe that A1, A4, D1 and D4 should clearly be zero-crossings. We believe
that column 3 and line C are more controversial as to whether they should have
a zero-crossing, or not, or throw an error.

Given those ideas, if we limit the zero-crossings to cases Al, A4, D1 and D4,
we can come up with the following definition of a zero-crossing:

Definition 6. z € R is a zero-crossing for function f if and only if there exist
a€R andb € R with a < b and z = b such that:

1. Yz € [a,b], f(z) =0;

2. Ve> 0,3z € [a—¢a), f(x) <0;
3. Ve > 0,3z € (b;b+ ¢, f(x) > 0;
4. I >0,Vx € [a —n;a), f(x) <0;
5. 3In >0,V € (b;b+nl, f(z) > 0.

Now, if we consider that beyond cases Al, A4, D1 and D4, cases A3, C1,
C3, C4 and D3 should also be considered zero-crossings, we can come up with
a looser definition of a zero-crossing, only including conditions (i), (ii) and (iii),
which results in the definition that appears in the main paper:

—_—

—_—

Definition 7. z € R is a zero-crossing for function f if and only if there exist
a€R andb e R with a <b and z = b such that:

1. Yz € [a,b], f(z) =0;
2. ¥e> 0,3z € [a — €a), f(x) <O0;
3. Ve > 0,3z € (b;b+¢], f(x) > 0.
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Both definitions respect Desirable Properties 1, 2 and 3. We can also imagine
hybrid definitions that include conditions (i), (ii), (iii) and (iv); or (i), (ii), (iii)
and (v) of Definition 1. In the rest of this paper we will consider Definition 2 in
our semantics for zero-crossings.

Another decision is which point should be the zero-crossing in the staying
case where a < b. We would typically want the zero-crossing to be a or b, but
which one is almost purely a matter of convention. For this paper, we will pick
b (but the subsequent developments can easily be adapted if picking a).

B Proof of Lemma 1

Proof. Define g;(t) = u;(p(t)(z)). Each g; is continuous in ¢ (because p is con-
tinuous and wu; is a continuous expression). Fix any j where j is the index of an
active guard. We prove V¢t € [0,t,], g;(t) < 0 by contradiction. Assume there
exists t1 € [0,¢,] such that g;(¢1) > 0.

First, we show that g; is strictly negative at some time strictly after 0:

e If g;(0) <0, then g; is negative at time 0.
e If g;(0) = 0 and ¢;(0) < 0, then by differentiability at 0 there exists 6 > 0
such that for all t € (0,6], g;(t) < 0.

In either case, there exists some ¢_ € [0,t;) with g;(t_) < 0.
Assume towards a contradiction that g; becomes positive at or before ¢,.
Then there exists t; < ¢, such that g;(¢;) > 0. Let

T2 inf{t € [0,4] | g;(t) > 0}.

By continuity, g;(7) = 0, and by definition of 7 there are arbitrarily close times
after 7 where g, is positive. Also, since g,(t_) < 0 for some ¢_ < 7, there are
negative values somewhere before 7.

Now consider the maximal interval on which g; is 0 ending at 7: choose any
a < 7 such that g;(t) = 0 for all ¢ € [a, 7] and a is minimal with this property.
Then:

e Vi € [a, 7], gj(t) = 0 by construction;
e for every € > 0, there exists ¢t € [a — €,a) with g;(t) < 0 (by minimality of
a);

e for every ¢ > 0, there exists t € (7,7 4 €] with g;(¢t) > 0 (by definition of 7).
These are exactly the conditions of Def. 2, so 7 is an upward zero-crossing time
of g;. Finally, because gj(tl) > 0 occurs at some t; < t,., we have 7 < t,., so we
have found an upward zero-crossing strictly before ¢,.. This contradicts that ¢,
is the first upward zero-crossing among the monitored signals (Def. 4). Hence
gj(t) <0 forall t € [0,¢,].

Since j was arbitrary among the active guards, all conjuncts produced by
Active(p(0)(z),{u1,...,u,}) are preserved up to t,.
Moreover, since t, is an upward zero-crossing time of g; (Def. 2), in particular

gi(tT) =0, iLe. ui(p(tT)('x)) =0.
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Remark (Non-active guards may trigger first). Note that Lemma (1| does not
require that the first triggered event comes from an active guard. Even if some
initially non-active guard triggers the first up-crossing at time ¢,, the proof
above shows that every guard that was active at time 0 still cannot become
positive before ¢, (otherwise it would generate an earlier up-crossing), matching
the stated intuition.

C Proof of Lemma [2

Proof. Fix an active guard index j and let g;(t) = u;(p(¢)(z)) as in [B| As in
Lemma activity at time O implies g; is negative at some time ¢t_ > 0.

Assume for contradiction that g;(t1) > 0 for some ¢; > 0. Define 7 = inf{¢ €
[0,t1] | gj(t) > 0}. The same continuity argument as before shows that 7 satisfies
Def. 2, hence 7 is an upward zero-crossing time of g;.

But this contradicts the assumption that the flow segment has no monitored
upward zero-crossing at any finite time (the +oco outcome of flow). Therefore
g;(t) <0 for all ¢ > 0.

D Proof of Continuous Type Preservation

Proof. By structural induction on the operational semantics derivation of S; o

(p:tr) ’
e — e.

Case S-LETREC-DER-FIN. Assume I' e : {v : b | O ¢(v)} and S;o
¢ Y i derived by S-LETREC-DER-FIN, where

1. flow(der z = ey, vy, {uwi(z),...,un(x)}) I (p,t,) with ¢, < 400,

there exists an index j whose guard triggers at ¢, (first upward zero-crossing),

3. and the reset branch steps in the discrete fragment under the post-flow store
S;o, [x = p(t.)(z) :: nil], producing a rewritten reset expression de;, ;, and
the equation residual €’ is obtained by replacing the initial value with the

post-reset state and the reset branch to de;’j, where v, ; is emitted.

N

(1) Safety of the finite continuous trajectory. T-DER-FIN must be the last
(non-subtyping) rule used. By inversion, we obtain its premises.

(T1) There exists an auxiliary invariant ¢y such that typing ey establishes: (i)
the safety predicate ¢ at time 0, (ii) the differential-invariant side condition
needed by Platzer’s rule (dI) for ¢y, and (iii) a bridge implication from ¢
together with the Active(v, ui(x)...u,(x)) to .

From the flow premise and Lemma [I] due to a finite ¢,, we have:

Yt € [0,t,]. Active(p(t)(z)) and ui(p(t:)(z)) = 0.
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Now apply the soundness of Platzer’s differential invariant rule (dI) [27]: premise
(T1) provides the initial establishment of ¢; together with its differential side
condition, and Lemma |1| supplies Active throughout [0, ¢,]. Therefore ¢; holds
at all times in [0, ¢,]. Finally by assumption from (T1),

D[o,n@(”(t))
We then show I. F €' : {v: b | O¢p(v)} by re-applying T-DER-FIN to the

rewritten program.

(Body premise.) The typing premise for the body (call it (T3)) is unchanged: the
binder for z in the residual remains x : {v : b | ¢(v)}, hence the same derivation
establishes the body typing.

(Reset premise and updated initializer.) Since branch j triggers at time ¢,., then
we have u;(z,) = 0 from Lemma Together with (1) we have z, = ¢. Therefore,
the runtime store used to evaluate the reset expression, o[z — x|, satisfies the
assumptions of the typing premise (T2) for branch i, which types de, ; under

z:{v:b]| o(v) Au;(v) =0}

Since the predicate syntax of the hybrid type system is a subset of those in the
purely discrete language, correspondence of the typing and term environments
in the hybrid context implies correspondence in the discrete context as well.
By the assumed discrete preservation for the non-continuous fragment, from
Sio, ™ — p(t)(@™) = nil] F de,; & de;. ; we obtain that the result v, ;
satisfies the refinement postcondition stated by (T2). This also uses the fact
that tl(Op) = Op. In particular, since (T2) bundles the conjunct ¢(v) in the
type of de, ;, we conclude
orj = ¢

All other reset expressions retain their previous typing judgments due to them
not stepping. Finally, S-LETREC-DER-FIN updates the initializer of the residual
program to be this post-reset value v,. ;. Hence, the initializer premise required
to re-apply T-DER-FIN holds for ce’.

Combining the unchanged body premise with the updated initializer and the pre-
served reset-branch typing, all premises of T-DER-FIN hold for ce’, and therefore

Iebovej:{v:b|O¢pv)} and  I.bee :{v:b|Og(v)}.
This completes the S-LETREC-DER-FIN case.
Case S-LETREC-DER-INF. The last operational rule is S-DER-INF. Thus

flow(der z = ey, zo, {u1,...,un}) I (p,+00),

and the residual is the distinguished infinite marker [o0].
We must show:

L. [v]p F Op 1x)0(v), ie. VE > 0. p(t)(x) = ¢;
2. Ik Joo] : {v:b]| Op(v)}.
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(1) Safety of the infinite continuous trajectory. By inversion, the last typing rule
is again T-DER-FIN (or the corresponding continuous typing rule for deriva-
tives), yielding premise (T1) with an auxiliary invariant ¢; and a bridge. From
Lemma [2] we have domain preservation for all time:

Yt > 0. Active(p(t)(z)).

By soundness of (dI), the differential side condition from (T1) implies that ¢
is preserved along p for all ¢ > 0 (since Active holds for all ¢ > 0). Applying the
bridge pointwise yields:

vt > 0. p(t)(z) = ¢,

Le. pE o 4o0)p-

(2) Residual typing. The residual is [oo] (or equivalent). By the typing rule for
the inert infinite residual, we derive directly:

I'.Ffoo]:{v:b|0Op(v)}.

This concludes both cases.

E Detailed Proofs of Hybrid Examples

We provide detailed proofs of the two examples presented in the text, and intro-
duce two additional examples.

E.1 Proof of the Water Tank Example

T3 =T, (level, flow) : {(, f) : fIx fL]O1<I<9}
level : {l: fl1O(1<1<9)}

T1=T, level : {v: f1 |01 <v<9)}, level : {v: fl | v=0Oflow} +
(5,5):{(l,f):flel|D(1§l§9)/\
True A (True nO(1 <1<9)) = 0(1 < level < 9))}

T2, =T, level : {O(v |1 <v < 9)Av =9}, level : {v|v=0flow} +
(9, -5) : {(l,f):fl % f11O(1 <1< 9) AD(level < 9)A

((O(level < 9) A1 < 1< 9)) = O(1 < level < 9))}



30 Dane et al.

T2, =TI, level : {v |01 < v < 9)Av =1}, level : {v|v=0flow} +
(1,5) : {(z,f) CFlx L1001 <1< 9)AD( < level)A

(O(1 < level) AO(1 < 1 < 9)) = O(1 < level < 9))}

T-DER-FIN
T1 T2, T24 T3
I' - let rec der (level, flow) : {(I, f) : fix fl| 001 <1<9)}
.. 1p(level- last level,—
= (flow, 0) init (5, 5) reset} ng—(laesel?;i?l;tel:v:sl,gg

inlevel: {I: f1]0(1<1<9)}

E.2 Proof of the Event-Triggered Automatic Braking Example
Let prog =

1 1let x_obs = 5.; brake = -0.2
2 let rec der (x,v,a) =

3 (v init O.,
4 a init 1.
5 0. init 1.) reset
6 | up(x -. (v *. v /. (2. *. brake)) +. 0.1 -. x_obs) ->
7 (last x, last v, brake)
8 | up(-. v ) -> (last x, last v, 0.)
9 in (x, v, a)
The program initially starts with both guards =z — ﬁfake 4+ 0.1 — x5 and

—uv negative; thus the differential invariant is not necessary to prove safety since
these alone imply the main invariant.

Upon a zero-crossing on z — #:ake 4+ 0.1 — x5, the acceleration is set to
brake. However, since x and v retain their previous values and the derivative of
this guard is zero, this guard is no longer active. Therefore, use the differential
invariant to prove safety. This is done by observing that, since brake is negative,
v — o= < 0 only if a is at least as negative as brake. This is obviously true so
the differential invariant is provable.

Upon a zero-crossing on —wv, the acceleration is set to 0. As before, neither
this guard nor the other can be proven to be active after reset, so the differential
invariant is used again. Since v = 0, v — 22— < 0 trivially and furthermore it
is provable to stay at zero because acceleration is also zero, thus guaranteeing
safety.

Applying (T-DER-FIN):

’02

T3 = r : : O -
3 L (2,0, a) 0 {(Vgy Uy, 0a) 2 fIX FIX fI] O(vy 5 hrake < Tobs) }
02
Fo(z,v,a) : {(Ve, V0, vq) : fUX fIx f1] O(v, — Wiake < Tops)}
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For eg = (0,1,1), select ¢; = True

Tl=
2

I, (z,v,0) : {(vg, v, va) : fI X fI X fI] O(vg — W;ake < Zobs) s
(2,0, 60) : {(Wg, Wy, wqa) : fLx fIx fI| O(wg, wy,wy) = (v,a,0)} F
2

Uy
(07171) : {(vxvviﬂva) : fl X fl X fl ‘ D(Uﬂc - m < Iobs)/\
2

True A ((True AD(vy > 0 A v, — +0.1 < wops)) =

b?“ak‘e

v2
D x T — obs }
(v 2><brak:e<xb))
For this reset, choose ¢; = (v, — #Eake < Tobs)
T21 =
2
,U’U
I, (z,v,0) : {(Vgy Uy, 0a) + fIx FIx f1]O((v, — % brake < Tobs )\

U2

(Ua: - brake + 0.1= xobs))}
(2,0, 4d) : {(Wg, Wy, W) : fl X flx fl| O(wg, wy, we) = (v,a,0)} F
2

last x, last v, brak :{m,v,a;z I fl] Ovy — —2 < s
(last x, last v, brake) : { (v, vy, vg) = fl X fIx f1 | O(v 2><brak;e<xb)/\
) —vvva<0/\((D(v —L<x ) A True) =
Y b — ¥ 2 x brake obs

0O( S < ))}
Y T 9 brake o

Choose the same ¢ for this reset

T22 =
I, (z,v,0) : {(Vg,vp,0q) 0 fI X fI X fl]
2
D((Ux 72 » zq;ake < xobs) A (Uv = 0))}5
(95, U, d) : {(wmawvawa) fUx flx fl ‘ D(wmawvawa) = (v,a,O)} F
2

(last x,last v,0) : {(vm,vv,va) s flx flx fl]Ow Zobs )\

g — ——F—— <
2 X brake

Do, — 2272 <0 A ((O(v LA ) ATrue) =
Uy — Vg — ——————— < Tops rue
b 22 x brake b
v
D T - obs }
(v 2><brake<xb))
T-DER-FIN

T1 T2, T2, T3

I'Fprog: {(vg,vy,vq) : fIx flx fl]O(v

2
Uy

" 2 brake <o)
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E.3 Additional Examples and Proofs

Decreasing Sawtooth Function We begin with a program which produces
a "decreasing sawtooth" signal. The signal’s level increases continuously in a
linear fashion until it reaches an upper limit (z = 0), after which it is reset to a
lower value which is lower than the upper limit and decreases with each reset.
A useful property to prove is that the signal’s level never exceeds 0.

1 let rec der x = 1. init -1 reset up(x) ->
2 (let rec xr = -2. fby (xr -. 1.) in xr)
3 in x

Ensure: < 0 at all times

The invariant, z < 0 can be proven directly by using the fact that the zero-
crossing detector up(z) is active if the continuous segment begins with z at any
value less than 0. This is clearly true for the initial condition, a constant -1. The
reset expression can be proven to always be negative using discrete typing rules.
Specifically, the (T-LETREC) and (T-FBY) rules from [12] can be used to show
that, since x, was initialized to —2, then subtracting 1 from z, will always yield
a negative number thus allowing us to show O(x, < 0) and thus not only the
invariant is satisfied for the reset but that the guard remains active after the
reset (since x < 0).

Proof of the Sawtooth Example

Tl =
Iz:{v:fl|Ov<0}, 2:{v:fl|Ov=1.0} F

~1.0: {v Al ‘ O(v < 0) A True A (True AD(v < 0)) = O(x < 0))}

T2 =
Iz:{v:fl|Ov<0}, &:{v:fl|Ov=1.0}, z : {v|Ov<0} F

. {’U : fl ) O(v < 0) A True A (True ANO(v < 0)) = O(z < 0))}

T3 =
Iiz:{v:fl|0v<0} F z:{v:fl|Ov<0}

T-DER-FIN
T1 T2 T3
I'klet rec der z : {v: fl |[Ov <0} = 1.0 init -1.0 reset
| up(xz) — (let rec z, : {v|jv < 0}= -2. tby (x, -. 1.) in z,)
in z: {v:fl|Ov <0}
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Proof that O(x, < 0): Define 7 = {v : float | O(v < 0)} for conciseness.
Tha=Ilz,:7F (z, —.1):{v:float | O(v =2, — 1)}
(Proven trivially via type synthesis of basic arithmetic operators)

T2’3 =

T-CONST
Iz, :7F=2.:{v:float | O(v = —2)} ( ) To.4

Iz, :7F =2 fby (z, —. 1.) : {v: float | hd(v = =2) AQO(v =z, — 1)}

(T-FBY)

(Trivial application of subtyping applied for {v : float | O(v = —2)} < {v : float | (v =

-2)}
T271 =

To3 {v:float |hdlv=-2)AO0w =2, - 1)} <7 Iz, :7kH71
Izy,:7k—-2. by (z, —.1.):7

(T-SUB)

(Subtyping obligation is proven by noting that Vz, : float . 2, <0 = (z, — 1) <0,
and that 2 < 0).
Tz’g =

(Dyzr 7)) =7
Nz, :Thx.:7T

(T-VAR)

LTk T T
7T 21 22 (T-LETREC)
I'tletrec xp: 7=—-2.fby (zr —. 1.)inz, : 7

Bouncing Ball The bouncing ball is a classic hybrid system which, while not nec-
essarily controlled by a software component, nevertheless demonstrates a system con-
taining both continuous dynamics and a discrete event which resets the system’s state.
Here, the ball is released from a positive height and allowed to free-fall until it reaches
the ground, at which point it bounces up with some energy lost during the bounce. We
verify that the ball never travels through the ground, and that, obeying the laws of
physics, does not bounce higher than its initial height. Safety of this system is proven
by using both the reset condition and differential reasoning similarly to [26] to ensure
the ball obeys conservation of energy.

1 let yO = 10.0; vO = 0.0; g = 9.81

2 1let rec der (y, v) =

3 (v init yo0,

4 -.g init v0) reset up(-.y) -> (last y, -0.8 *. last v)
5 in (y, v)

Ensure: 0 <y < yo

The proof applies rule (T-DER-FIN) to show that the ball’s height never becomes
negative and remains within the specified bounds. The bouncing ball can be proven
safe by splitting the invariant; y > 0 can be proven entirely using the fact that up(—y) is
always active. Similarly to [26], y < yo can be proven using the invariant 2gy < 2g10—v>
which is just a reformulation of the potential and kinetic energies of the ball. We



34 Dane et al.

verify the invariant y > 0 A 2gy < 2gyo — v°. The invariant combines a geometric
safety condition on the height with an energy bound relating height and velocity. Since
Active(yo, {y}) lets us directly prove y > 0, we select ¢; = 2gy < 2gyo — v?, and
subsequently note that ¢, = —2gv < —2gv During continuous evolution under gravity,
the energy component of the invariant is preserved by the trivially true differential
invariant ¢;, while the zero-crossing guard prevents the height from crossing below zero.
When the guard triggers at ground contact, the reset maps the state to a strictly lower-
energy configuration with upward velocity (thus (—0.8v)? < v* < 2gyo), immediately
re-establishing the invariant and providing a safe initial state for the next segment.
By induction over alternating continuous evolutions and resets, the invariant holds
globally.

Proof of the Bouncing Ball Example

T3 =
Iy (y,0) : {(u,w) : flx f1]0(0.0 < u<10.0A2gy < 2gy0 —v°)} +
y:{u: f1]000.0 <u<10.0)}

T1 =

Iy:{u|Ou>0}, g: {u|Ou=0}, 0: {w|Ow=-9.81} +

(10.0,0.0) : {(u, w) | 0(0.0 < u < 10.0 A 2gu < 2gyo — w?)

ADO((y < 10.0) A (29y < 2gy0 — v*))'A

(O(((y < 10.0) A (29y < 2gyo — v*)) AD(u > 0.0)) = 0(0.0 < y < 10.0))}

u>0)Au=0} y:{u|Ou=v} F
(0.0,—0.8 - v) {uw )1 0(0.0 < u < 10.0 A 2gu < 2gyo — w)
AT((0.0 < ) A (y < 10.0) A (2gy < 2gy0 —v°))’

A (O(((0.0 < ) A (y < 10.0) A (2gy < 2gy0 — v°)) A True) =
0(0.0 < u < 10.0 A 29y < 2gyo — UQ))}

T-DER-FIN
T1 T2 T3
I'Flet rec der (y,v) : {(u,w) : fI x f1]0(0.0 <u<10.0A2gy < 2gy0 — v°)}
= (v, —9.81) init (10.0,0.0)
up(-y) — (last y, -0.8 * last v) iny:{u: fI|0(0.0 <u <10.0)}
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