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Abstract. Quantitative semantics of Signal Temporal Logic (STL) play
an important role in both the falsification and control synthesis for dy-
namical systems by assigning numerical quantities to truth values. Re-
cently, several different quantitative semantics have been proposed, of-
fering better performance in many cases. Yet a general, systematic un-
derstanding of the structure and properties of quantitative semantics is
missing. In this paper, we develop a general framework to model quanti-
tative semantics. We focus mainly on soundness, which requires that the
quantitative semantics of a statement is positive when the statement is
true, and negative when the statement is false. This ensures that coun-
terexamples will not be missed during verification. We derive simple,
necessary conditions in our framework for soundness. We show how sev-
eral recently proposed quantitative semantics fit in our framework, and
how others do not, typically because they do not strictly satisfy sound-
ness. We implement various quantitative semantics, including existing
semantics from literature, in our framework and compare their effective-
ness as objective functions for optimization-based falsification on both
novel and existing benchmarks.

Keywords: Signal Temporal Logic - Quantitative Semantics - Cyber-
Physical Systems

1 Introduction

Metric temporal logic (MTL) [23] and signal temporal logic (STL) [27] are widely
used for specifying correctness properties for cyber-physical systems [6]. The
standard semantics for MTL and STL is qualitative, specifically Boolean. The
Boolean semantics only tells us whether a property ¢ holds or not with respect
to a system trace. This is, however, not informative enough. In many cases, we
would also like to know how robustly the system trace satisfies (or falsifies) a
desired property. This can be useful, for example, when determining the degree
to which a system’s safety is resilient against unexpected disturbances. Faella,
Legay, and Stoelinga [14] propose a quantitative framework for linear temporal
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logic (LTL) that can be verified via model checking. Fainekos and Pappas [15]
define a real-valued quantitative semantics for MTL and STL that captures the
notion of robustness of satisfaction.

In the semantics of Fainekos and Pappas, a truth value is a real number
or +oo with the following interpretation: a positive number indicates truth, a
negative number indicates falsity, and the truth value 0 is ambiguous. The logical
and temporal connectives are interpreted using the operation min for conjunction
and max for disjunction. Negation is interpreted using the unary — operation. A
key property of this min-max semantics is that it is sound, which roughly means
that it agrees with the standard qualitative (i.e., Boolean) semantics. If p is the
min-max semantics of Fainekos and Pappas and the Boolean semantics is given
with the satisfaction relation (denoted by [=), then the soundness property can
be formulated as follows:

L. p(@707 t) >0 imphes Ut ): %2 and
2. p(p,0,t) < 0 implies o b ¢

for every temporal formula ¢, trace o and time instant ¢, where we write ot = ¢
to mean that the trace o satisfies the formula ¢ at time instant .

The real-valued quantitative semantics of MTL/STL has found use in the
falsification of cyber-physical systems, which is about finding design errors using
formal specifications of correct/safe system behavior. Given a system model M
and a temporal formula ¢, the falsification problem asks whether there exists an
input signal o; so that the system trace M(o;) falsifies the desired property ¢.
Solving this problem amounts to a search in the space of input signals. When a
(sound) quantitative semantics is available, then falsification can be reduced to
a minimization problem: find an input signal o; that minimizes the truth value
p(p, M(o;)). Several different optimization approaches have been used to solve
this problem: Monte-Carlo stochastic optimization [32/1], cross-entropy [34], and
other iterative approaches [2]. Breach [I1] and S-TaLiRo [4] are two state-of-the-
art tools for the falsification of temporal properties of cyber-physical systems.

The robustness (quantitative) semantics of MTL and STL are also useful for
solving the controller synthesis problem for cyber-physical systems, where the
goal is to find parameter values for a controller so that the system satisfies the
specification as robustly as possible [33]. The controller synthesis problem can
be cast as a robustness maximization problem.

After the proposed min-max quantitative semantics of Fainekos and Pap-
pas [15], which is often described as “spatial” robustness, several other quanti-
tative semantics have been proposed for MTL and STL. Donzé and Maler [I0]
consider an extension of spatial robustness that also accounts for temporal dis-
placement. Akazaki and Hasuo [3] proposed an extension of MITL with averaged
temporal operators. Another average-based robustness was explored in [30/26].
The original robustness semantics [I5] uses max (resp., min) for interpreting dis-
junction (resp., conjunction), which are not smooth functions. Since smoothness
is a valuable property in the context of falsification and synthesis, many authors
have considered smooth variants of the robustness semantics [33JL7UT6].
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Similarly, the TeLEx tool [2I] uses a smooth version of a tightness semantics
in order to learn STL formulas from only positive examples. TeLEx uses smooth
functions for the temporal operators and atomic predicates, which means that
the semantics is differentiable. This smoothness property enables the effective
use of gradient-based optimization methods.

Recent developments [3536] employ Monte Carlo Tree Search to overcome
some challenges of a purely optimization-based approach to falsification, in par-
ticular the “scale problem" when combining formulas. Nevertheless, these meth-
ods still employ quantitative semantics, so the generalization of these semantics,
and especially the formalization of soundness conditions, remains relevant.

This proliferation of quantitative semantics for MTL/STL raises the ques-
tion of whether it is possible to develop a general mathematical framework that
(1) can describe a large class of quantitative semantics, and (2) encompasses
previously considered semantics. In the context of such a framework, it would
be important to develop a methodology for easily checking different properties
of a semantics, especially its soundness. Soundness is a fundamental property
that ensures agreement with the standard Boolean semantics and is essential
for avoiding incorrect results, especially in the context of falsification. A gener-
alization of quantitative semantics has been proposed previously [19/5], based
on semirings and an automata-based construction, but it is limited to discrete-
time models. Monitoring with algebraic robustness semantics is considered in
[8129] (using lattices) and in [28] (using semirings). In contrast, our proposed
generalization and soundness criteria can be extended to continuous-time tem-
poral logics, and operate directly on the original unmodified specification. While
many of the semantics we examined may be implemented in the aforementioned
discrete-time framework, there exist some which benefit from a more granular
approach that allows mixing of different integrators of the same subclass, e.g.
using a combination of min and multiplication. In addition, we introduce sound-
ness conditions to check the individual member functions in our generalization.
Regardless of the method, a general framework is important for methodical com-
parisons of semantics, independent of their original implementations.

Contributions Our main contributions extend previous work-in-progress [20]
in the following ways:

— We describe a mathematical framework for robustness quantitative semantics
for MTL/STL that allows us to easily check that a semantics is sound.

— We show how this new framework can generalize many generalizations of
quantitative semantics that are found in previous work.

— Using our framework, we identify a mistake in previous work [I7], showing
the effectiveness of our framework at ensuring soundness of quantitative
semantics. We also show how to fix that semantics.

— Using Breach, we compare experimentally the effectiveness of several differ-
ent robustness semantics in the context of CPS falsification.

Paper outline Section [2] gives some preliminary definitions for the syntax of
MTL/STL, its standard qualitative (Boolean) semantics, and the widely used
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min-max quantitative semantics of [I5]. Section [3| presents our generalization of
robustness semantics for MTL/STL and Section [4] details sufficient conditions
for a semantics to be sound. In Section[f] we present an experimental comparison
of robustness semantics in the context of CPS falsification.

2 A Generalization of Quantitative Semantics

2.1 Syntax and Qualitative Semantics

We consider properties of a real-valued signal over a discrete or continuous do-
main T. In the continuous-time case, T = R, ; in the discrete-time case T = N.
We denote by I a bounded interval over T, and by I the set of all such bounded
intervals. In the continuous case, we assume that the signal is integrable on any
bounded interval I € I. A signal o over n variables z1, ..., z, is a function from
T to R™. We write /(o) to mean a function of those n variables with real val-
ues. We also write R = R U {—00, +00} and similarly Ry = R, U {+o0} and
R_=R_U{-oc0c}.

Syntax. An STL formula ¢ is given by:
=T [Uo) 20[1U(e) >0 ~¢ | oA [PUrp

The qualitative semantics of STL, o! F ¢, defines the truth value of o at time ¢
with respect to ¢, and is standard [T5J10]:

— It is always true that ot F T.

— ot El(o) > 0 (resp. > 0) if and only if the value of I at time ¢, I(c[t]) > 0
(resp. > 0).

— ot F —p when ot i .

— o' F @1 A @y when ot F 1 and ot F p,.

— ot £ ¢ Ujgp, if and only if there exists ¢’ € I such that ot E oy and for
all " € [t,t + 1], o F 1.

Operators L, V, F; and G are derived from the above using the standard
equivalences.

2.2 Standard Quantitative Semantics

The standard quantitative semantics po (i, o,t) € R is defined for a specification
v, a trace o over T, and a time ¢t € T [I5/I0]. It is convenient to split pg
into its positive and negative parts pare R, and p; € R_ to facilitate adding
robustness values, following the convention of existing literature [3[I7]. Here,
polp,0,t) = pi (p,0,t) + py (p,0,t), where pi and p; are:
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pd(T,0,t) = +oo
po (T,0,t) =0
po (I(0) 2 0,0,t) = pg (I(o) > 0,0,t) = max(0,1(ct]))
po (l(o) > 0,0,t) = py (I(o) > 0,0,t) = min(0, I(c[t]))
po (-, 0,t) = —pg (9, 0,1)
po (-, 0,t) = —pg (0, 0,)
po (P A 0,t) = mm(ﬂg(%a,t%ﬂo (1,0,1))
po (p Apy0,t) = min(py (9, 0,1), pg (0, 1))

ps WU rp,0,t) = sup (mm(po (p.ot + 1) t”el[?f+t’f0 (¢, 0, t”)))

py (WU1p,0,1) = sup (mm(po (poont +1),, Igtf+t,{)o (1,0, ))>
An essential property of quantitative semantics is soundness:
Theorem 1. if po(p,0,t) > 0 then o' E ¢, and if po(p,0,t) < 0 then o' & .
Proof. This result is proved by structural induction on the STL formula [I5/10].

2.3 A general framework

A goal of this work is to establish a generalized form for quantitative seman-
tics, parameterized by unary functions v : R — R, and g : R — R_, binary
integrators o, 3, ¢, n : Ry x Ry — Ry, as well as time integrators F, A,
@, = Ix (T — R;) — R,. Using those operators, we can define a generic
p(p.0,t) = p*(p,0,t) + p~(p,0,1) with:

pT(T,0,t) = +0
p (T,0,t) =0
pt(l(o) > 0,0,t) = p*(I(a) > 0,0,t) = v(l(a]t]))
p~ (o) > 0,0,t) = p~(I(0) > 0,0,t) = p(l(alt]))
pt(mp,0,t) = —p~(p,0,1)
p~(mp,0,t) = —p*(p,0,t)
TN, 0,t) = alpt(p,0,t),p7 (¢, 0,1))
p (P AY,0.t) = =B(=p (p,0,t), —p (¢, 0,1))

p*(lbUnp,U,t)=t£IC<p+(<p,a7t+t’)7 A p*(%w”))

e[t t+t']

(7//UI<P7U t @ <_ Q0,0' t+t) E _p(¢707t//)>

et t+t]
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Note that, as also mentioned in related work, the quantitative semantics of
the formulas f(o) > 0 and f(o) > 0 are the same, hence those two formulas
cannot be distinguished from the value of their quantitative semantics alone [3].

In order to clarify the presentation, we follow Haghighi et al. [17] in writing
p(p,0,t) = pt(p,0,t)+p (p,0,t), and we have the following properties, which
we can prove by induction on the definitions of p, p™ and p~:

Lemma 1. For any ¢, o and t, p*(p,0,t) > 0 and p~(p,0,t) < 0.

Proof. By structural induction and using the sign constraints on the codomains
ofv, u, v, B, ¢, m, F, A, O and =. A detailed proof is available in the extended
version of the paper.

From those definitions we can derive the definition of L and V from A and

—; and F; and Gy from Uy, under mild assumptions on ¢, 7, and =:
p+(J_, g, tk) = p+(_'—|—a a, tk) =0
p_(J-uo—v tk) = p_(_'T707 tk) = —00
pH eV, o,tk) = pT (=(mp A=), 0,t) = B(p* (9,0, 1), pt (¥, 0, 1))
p7(¢ v 11[}5 a, tk) = pi(_‘(_‘@ A _‘w)vgﬂ tk) - 70‘(7p7(s070-a tk)a 7p7(’¢)7 g, tk))
T(Fro,0.t) = pT(TUp,00t) = L ¢ pT (g0 tien), A
pr(Frpoty) = p" (TUrp, 00tk) = L ¢l p™ (0,0 i )»k/,e[k,kw] + 00

“(Frp,0.te) = p (TUp,00ts) = — O 0 —p~ (0,0, tks), = 0
p~(Fro,o.ti) =p (TUrp,0,t) k,g”(p<@ak+k)k~e[k,k+k/]>

G t:) = pT(=F;= t) = © + Uit k! =
P ( 19,0, k) p ( 17,0, k;) Z n\p (80,0'7 k+k )7k”6[k¢,k+k/]

(Gro,o.t) =p (~Frp,ote) = — L ¢(—p~ (g0 than), A
P ( 19,0, k) 14 ( 1Y, 0, k) < C( 14 (‘pao’a k+k ),k’/G[k,k+k’]+oo>

Remark 1. As long as A + 00 = 400 and ((z,+00) = x for any z > 0,
k" €k k+k']

we can simplify the following two definitions:
:0+ (FI% a, tk) = kEIp+(SD’ a, tk+k’)

p_(GISD7O-, tk) = - F - P_(<P,U, tk+k’)

kel
Remark 2. As long as = 0=0and 7(z,0) = z for any = > 0, we can
k" €k k+k']

simplify the following two definitions:

pi (FIQD, g, tk) = 716@1 - p7 (% a, tk+k'/)

pT(Gro,o,tr) = k@ﬂo*(%o, thotrr)
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3 Semantics Instantiations

Our generalization can instantiate semantics that replicate or closely match those
presented in existing literature, in terms of the aforementioned generic functions
(v, u, o, B, ¢, m, I'y A, ©, Z). The particular instantiations we chose to represent
each semantics is shown in Table [Il

Several semantics were already implemented in Breach, which we adapted
to our generalization by splitting the computation of p into that of p™ and p~.
Max [II] emulates the default Breach semantics, which utilizes min and max for
integrators, and min and max with respect to 0 for the “rectifiers” v and g which
help split the single robustness scores into positive and negative components.

Const [I1] uses the same integrators as Max, but the rectifier functions v and
1 produce constants which depend only on the sign of the predicate’s robustness
score. This is represented by A x sgn(z), where A is a fixed constant (A = 100 in
the original Breach implementation, which we replicate), and sgn(x) returns 1 if
x>0,0if x =0, and —1 if x < 0. This simulates Boolean STL semantics, as all
scores have the same absolute value regardless of their degree of satisfaction|IT].

Add [I1] is similar to Max except in certain cases where max is replaced by
the “Koen &+ operator [9I25]. This integrator is a piecewise function f(z,y)
that takes on the behavior of the harmonic mean in certain cases, addition in
others, and min everywhere else:

Tty z<0Ay<O0
flzy) =< 4 z>0Ay>0
x y

min(x,y) otherwise

TeLEx is similar to Max, with the exception of the Peak and Expand trans-
formations defined in the TeLEx project [21]. Since the goal of TeLEx is to learn
tight specifications in the absence of negative examples, these transformations
cause the semantics to score minimally satisfied specifications higher. The Peak
transformation (P) is applied within the rectifier, causing the robustness score
to increase sharply for small positive values close to zero. The Expand transfor-
mation (E) is a multiplicative coefficient applied to certain integrators used in U
and depends on the length of the time horizon (2 — ¢1). We note that the Con-
tract function (C) from the original paper is unused in our instantiation, as we
choose to define all our temporal operators in terms of ¢. The transformations
have adjustable parameters 8 and -y that can influence the degree to which the
scores are transformed. The transformation functions are defined as follows:

1 2
Plz)= ——F-—¢" E(v,t1,t2) =

r4eBe 14 e (tz—titl)
We note that TeLEx semantics were designed for specification learning, rather
than falsification. For our benchmark evaluation, we arbitrarily chose the values
B =1and~v=0.01.
Cumulative is based on the smooth cumulative robustness semantics of
Haghighi, Mehdipour, Bartocci, and Belta [I7], where the max function has been
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“smoothened” in a way resembling LogSumExp: maxg(x,y) = %ln(em + ePv).
The min function is defined as ming(z,y) = — maxg(—z, —y). B in this instanti-
ation represents the degree to which these functions approximate max and min,
with higher values having a “sharper” response that more closely resembles their
non-smooth counterparts. These operators are then generalized to trace integra-
tors which, unique to the semantics we considered from literature, integrate over
time rather than simply choosing an extreme value. We note that this semantics
is not sound; ming tends to be an over-estimation, resulting in ming(x, 0) > 0 for
some values of x < 0. We arbitrarily chose § = 10 for our evaluations but note
that the operator remains unsound regardless of its particular value. This makes
falsification more difficult, as true falsifying traces may be incorrectly assigned
positive robustness values

The use of summation in this semantics’ definition of I/ is intended to more
strongly reward traces which satisfy a specification for longer periods of time,
rather than considering only a maximally-satisfying point. We note that this
semantics requires that both p* (U, 0,t;) and p~ (pU,0,t;) employ sum-
mation despite the expected multiplication or min in the computation of p~.

We also note that integrator functions can be mixed to form novel semantics,
provided they are sound. Sum-Product, Sum-Min, Max-Product show the
three other possible permutations of mixing max or min and summation or
multiplication for the integrators. We note that Sum-Min bears some superficial
resemblance to Cumulative semantics [17].

B, n, I', and = are thought of as “optimistic” integrators, as they tend to fa-
vor robustness scores with larger magnitudes, and are usually instantiated with
something resembling max or addition. Making these operators unnecessarily
strong, with min or multiplication, preserves soundness but may make the se-
mantics overly conservative, to the point where all scores are zero and thus no
optimization progress can be made. MinOnly illustrates this, by replacing all
non-rectifier operators with min.

All of the semantics instantiations we have introduced so far use either non-
smooth rectifiers, or unsound, smooth approximations. We introduce Smooth-
Rect semantics, which uses the Max semantics but with sound, smooth rectifiers
R, and R_:

0 ifz<0 0 ifxz>0
R = - R_ = -
+(@) { - (z) {xel/w ifxz<O

We create Smooth-1 as a smooth alternative to Sum-Product, using the
differentiable, sound rectifiers R, and R_. Differentiability can be useful in
conjunction with gradient-based solvers [2TJ24]. Although this should provide a
sound differentiable semantics in theory, the use of products may lead to numer-
ical overflow in practice.
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Table 1: Semantics instantiations

Smooth
Sound/ v " @ p
Max [11] N/Y max(-,0) min(-,0) min max
Const [11] N/Y |max(A x sgn(-),0)|min(A x sgn(-),0)| min max
Add [11] N/Y max(-,0) min(-,0) Koen &+ |Koen &+
TeLEx [21] N/Y max(P(-),0) min(P(-),0) min max
Cumulative [I7]| Y/N maxg(+,0) ming(+, 0) ming maxg
Sum-Product N/Y max(+, 0) min(-, 0) X +
Sum-Min N/Y max(-,0) min(-,0) min +
Max-Product N/Y max(-,0) min(-,0) X max
MinOnly N/Y max(+, 0) min(-, 0) min min
SmoothRect N/Y Ri() R_(") min max
Smooth-1 Y/Y Ri() R_(") X +
¢l n | r |Aale| =
Max [11] min | max | max | min [min| max
Const [1I] | min | max | max |min [min| max
Add [11] min | max | max | min |min| max
TeLEx [2I] | min | max |E - max| min |min|F - max

Cumulative [I7]|ming|maxg| >, |ming| . | maxg

Sum-Product | x | + > IT |11
Sum-Min min | + > min min| >

Max-Product | x |max| max | [[ |[]| max
MinOnly min | min | min | min {min| min

SmoothRect | min | max | max |min [min| max

Smooth-1 X + > IT | TI >

4 Soundness of Semantics

Sound quantitative semantics ensures that no falsifying traces for a particular
system and specification are incorrectly deemed safe with a positive robustness
score. For falsification, soundness ensures that falsifying traces that exist in the
search space can indeed be found. On the other hand, soundness in parame-
ter or control synthesis ensures that unsafe controls are not admitted, or that
they can at least be readily identified. The consequence of unsoundness in fal-
sification is that unsafe traces may be “masked”, making them more difficult or
even impossible to find. While the absence of counterexamples in a falsification
search cannot and should not imply safety, unsoundness ultimately introduces
additional uncertainty that can confound the design of safe systems.

We now introduce novel, sufficient soundness conditions on the aforemen-
tioned functions. Recall that functions «, 8, ¢, n, I, A, @ and = only operate
on nonnegative values. To avoid ambiguity, we use + and x to represent binary
addition and multiplication, and Y and [] to represent their trace counterparts.
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(1) If <0 then v(z) = 0. Equivalently, if v(z) > 0 then = > 0.
Example of possible v: max(-,0).

(2) If £ > 0 then u(x) = 0. Equivalently, if p(z) < 0 then z < 0.
Example of possible p: min(-, 0).

3) Ifx>0,y>0,if =0 or y =0 then a(x,y) = 0. Equivalently, if z > 0,
y >0 and a(z,y) > 0, then z > 0 and y > 0.
Examples of possible a: min, [] (discrete product).

(4) Ifx >0,y >0, if z =0 and y = 0 then B(x,y) = 0. Equivalently, if > 0,
y > 0 and S(z,y) > 0, then z > 0 or y > 0.
Examples of possible 8: max, sum .

(5) If all zj, = 0, then l;xk) = 0. Equivalently, if all zj, > 0 and (Ik‘xk> > 0,

then there exists k& for which x; > 0.
Examples of possible I': max, > (discrete sum), [ (integral).

(6) If there exists a k for which x; = 0, then (%xk) = 0. Equivalently, if all

zr > 0 and (%xk) > 0, then all z; > 0.

Examples of possible A. min, [].
(7) ¢ follows the requirements of «, and n the ones of S. O follows the require-
ments of A, and = the ones of I .

Using those conditions, we can now prove a novel generic soundness theorem:

Lemma 2. Under conditions (1)-(7), if pT(p,0,t) > 0 then o' E ¢, and if
p~(p,0,t) <0 then ot H .

Proof. The two statements are proved jointly by structural induction on ¢, using
the definition of ¢ given in Section and applying conditions (1)-(7) as needed.
Condition (1) on v is used for the case p*(I(o) > 0,0,t) which is defined with
v; condition (2) on g is similarly used for the case p~(I(o) > 0,0,t) which is
defined with p. Condition (3) on « is used for the A case on p*, and condition
(4) on B is used for the A case on p~. Conditions (5)-(7) are used for the Uy case
on p*, and condition (7) is used for the U; on p~. A detailed proof is available
in the extended version of the paper.

Theorem 2. Under conditions (1)-(7), if p(p,0,t) > 0 then o' E ¢, and if
p(p,0,t) <0 then o' H .

Proof. Since by definition p(p,0,t) = pT(p,0,t) + p~ (¢, 0,t) and by Lemma
p(p,0,t) <0, if p(p,0,t) > 0 then p*(p,0,t) > 0. Therefore by Lemmawe
get ot E . Symmetrically, since by Lemma [I| p™ (¢, 0,t) > 0, if p(p,0,t) <0
then p~ (¢, 0,t) < 0. Therefore by Lemma ot & .

Corollary 1. Under conditions (1)-(7), we cannot have both p* (¢, 0,t) > 0 and
p~(p,0,t) < 0. That is, if pT(p,0,t) > 0 then p~(p,0,t) = 0; and likewise if
p~ (p,0,t) <0 then pT(p,0,t) = 0. In other words, p* (¢, o,t) is the positive part
of p(p,0,t), i.e., pT(p,0,t) = max(0, p(p,0,t)); and symmetrically p~ (¢, 0,t)
is the negative part of p(p,o,t), i.e., p~(¢,0,t) = min(0, p(p, 0, 1)).
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Proof. If pT™(p,0,t) > 0 and p~(p,0,t) < 0, then by Lemma both ot F ¢ and
ol i ¢, which is not possible.

A counterexample to the soundness claimed in existing work

Our framework is particularly effective at ensuring that existing and future quan-
titative semantics are sound. As an example of this effectiveness, we have found
what we believe to be an error in an existing paper describing cumulative quan-
titative semantics [I7]. The error was found while trying to fit the semantics of
this paper to our generalized semantics. Below we provide a counterexample to
their theorem as well as proposed resolution.

The paper mentions proving the soundness of the semantics by structural
induction on ¢, proving both p*(p,0,t) > 0= ot E ¢ and p~(p,0,t) <0 =
ot i ¢ simultaneously. However after verification with that proof strategy, there
seems to be one case that does not verify, namely the case p~ (¢ Ury, o, t1,). We
contacted the authors multiple times but were not able to get an answer to our
technical questions.

A counterezample. The example takes a single variable z, with o' (z) = 1,
o' (z) = 3, 0"*(z) = —5, and the formula ¢ = =((z > 0)Ujg g (x — 2 > 0)). For
that example, clearly o' E (z > 0)Ujg g (x — 2 > 0) and thus o™ ¥ ¢, and yet
pT(p,0,t9) =8 > 0. A complete derivation is available in the extended version
of the paper.

A proposed fix. We believe, the issue stems from the combination of the defini-
tions of pT (=, 0,t;) and p~ (¢ Ujep, o,t). A solution might be to maintain the
definition of p* (¢ Uy, 0,t), but change the definition of p~ (v Ujp, o, tx) to:

B U ’ 7t = i B ) 7t ") i B ) 7t ”
p~(WU19,0,t) = max(min{p™ (¢, o, trx) P (¥, 0,te)})

This uses the standard definition of quantitative semantics, but for p~. Although

not symmetric or smooth anymore, we believe that the two definitions are still
compatible, and are able to prove soundness through our generalized framework.

5 Experimental Evaluation

Our experiments seek to answer three research questions:

RQ1: With all other solver details being equal, does a particular semantics
consistently outperform the others in falsification?

RQ2: Does our generalization enable the creation of novel semantics that com-
pare favorably to existing ones?
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RQ3: Is the general framework able to replicate the results of existing bench-
marking experiments?

We implemented the generalized semantics in MATLAB, by modifying the exist-
ing Breach toolkit [11] to calculate the positive (pT) and negative (p~) parts of p
separately for semantics that integrate via summing [I7]. We then implemented
our generalized semantics and the instantiations given in Table [I] The source
code for our modifications can be found at https://github.com /jchen-cs/breach
Apart from the ARCH 2020 replication experiment [12], all evaluations were car-
ried out on two workstations with Intel Xeon E3-1245 v3 CPUs running MAT-
LAB r2024a on Ubuntu 22.04.4. The evaluation of a given benchmark problem
and its semantics was run entirely on a single system.

Benchmarks

To answer RQ1 and RQ2, we evaluated our semantics instantiations on fal-
sification benchmarks partially inspired by existing examples in literature. We
ensured that each benchmark had a falsifying trace so that all problems were
feasible. The evaluations were done using Breach’s default Nelder-Mead opti-
mizer. The autotrans, AFC, Path, and Proj benchmarks were limited to 500
objective function evaluations, while Path2 was limited to 1000 to account for
its complexity. The Automatic Transmission and Fuel Control benchmarks were
tested with the solver’s corner search phase disabled, since they could be trivially
falsified by extreme values. We did not impose a time limit on the benchmarks.
In addition to our main evaluation, we also replicated a subset of an existing
paper’s experimental evaluation [12].

Automatic Transmission This benchmark, originally from [I8], simulates the
drivetrain of a vehicle with an automatic transmission, and has been used in ex-
isting works such as S-TaLiRo [I] and others [A3I3I]. We treat the system’s
throttle input as a piecewise constant function of uniform intervals and param-
eterize amplitudes. The specification to falsify is that the vehicle speed never
exceeds 100 mph. The maximum throttle value was constrained to 70% to min-
imize “trivial” falsifications in the quasi-random search phase. This increased
the likelihood that falsifications occur during the optimization phase, which is
reliant on performance differences between semantics.

Abstract Fuel Control The Abstract Fuel Controller was originally imple-
mented in Simulink [22], and was included as a sample benchmark in Breach.
The model simulates an engine controller that regulates the air/fuel ratio based
on engine speed and throttle position. For this model, we use the specification
defined in the Breach sample that requires the air/fuel ratio to be within a spe-
cific range for the duration of the simulation. The engine speed is kept constant
throughout the simulation, while the throttle position is controlled by a single
pulse generator, parameterized by the maximum pedal angle (amplitude) and
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the duration for which that position is held (pulse period). As with the previous
benchmark, the parameter space was constrained to reduce trivial falsifications.

Projectile Trajectory The Projectile benchmark simulates a point mass being
launched into a ballistic trajectory with a given initial velocity and launch angle.
Safety is defined as the projectile avoiding a small area some distance away from
the origin. As a result, most combinations of velocity and angle are safe.

Dubins Path This benchmark simulates an autonomous vehicle with a Dubins
steering model (such as a car or airplane) that travels straight and then turns
at a constant angular velocity, all while avoiding a stationary obstacle. The
adjustable parameters are the vehicle’s transverse velocity (u,), the time at
which the turn occurs (tyyrn), and the angular velocity of the turn (u,). The
obstacle is small and relatively far away from the vehicle’s starting position,
so while a counterexample is feasible, it is unlikely to occur and thus makes
falsification challenging.

Complex Dubins Path The Path Planning benchmark was inspired by con-
trol synthesis benchmarks in existing literature [3T/I7], which simulates an au-
tonomous vehicle in a two-dimensional space along with an obstacle that should
be avoided. As before, we use a Dubins vehicle model with controllable trans-
verse and angular velocities. Unlike the previous benchmark, this scenario uses
discretized dynamics and treats the inputs as piecewise constant functions with
uniform intervals. We set the discretization interval of the control function to
0.1s, meaning that the 1.1s simulation provides eleven possible transverse and
angular commands within the simulation timespan. The safety specification re-
quires that the vehicle never enter the unsafe region at any point during the
simulation. The dynamics are governed by the following equations that are
updated every At = 0.1s:

z[k + 1] = x[k] + v]k]
ylk + 1] = y[k] + v[k] sin(0) At
Ok + 1] = O[k] + w[k] At

where k refers to the state for an arbitrary time-step and k 4+ 1 the next state.

ARCH 2020 Replication To answer RQ3 and provide additional insights on
RQ2, we replicated a portion of the experimental evaluation conducted in an
existing paper [12], but with our modified version of Breach and, in the interest of
time, a subset of the aforementioned semantics. We limited our evaluation to the
automatic transmission benchmarks (AT), and used the same propositions and
naming convention as existing literature [I3]. In addition to the max, additive,
and constant semantics in the original evaluation, we also included TeLEx-like,
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X

Fig. 1: Path planning model diagram

Sum-Product, and Sum-Min. As before, we used Breach with the built-in Nelder-
Mead solver. We ran each combination of semantics and benchmark 10 times
and set a maximum of 300 objective function calls. These experiments were
performed on a 2017 iMac Pro with an 18-core 2.3 GHz Intel Xeon W processor
and 128 GB of 2666 MHz DDR4 memory, running MATLAB r2024a on macOS
13.4.1.

6 Results

We performed falsification on each of the benchmarks, and for each semantics
recorded the number of objective function evaluations until first falsfication (Ta-
ble . In each benchmark column, the runs with the lowest number of iterations
are displayed in boldface. Runs that did not find a counterexample within the
allotted number of objective evaluations are marked DNF.

Among the benchmarks tested, we did not notice any clear patterns estab-
lishing the superiority of any particular semantics. However, the semantics that
required fewer iterations to falsify a particular benchmark tended to be efficient
in other benchmarks as well (RQ1). Constant semantics consistently required
a large number of evaluations to falsify, which was consistent with both our
own expectations and other published results [I2]. Many of the top-performing
semantics in each benchmark finished with similar or identical numbers of eval-
uations. The falsifications were all achieved well within the solver’s optimization
phase, rather than its random sampling phase, which suggests that differences
in these semantics did not significantly affect falsification performance in our
evaluation. The Smooth-1 semantics, while able to eventually falsify, required a
relatively large number of evaluations; examining its traces revealed numerical
overflow was occurring. Since the Nelder-Mead algorithm is gradient-free, we
believe the benefits of a smooth semantics may be realized by comparison with
gradient-based optimization. Nevertheless, the novel Sum-Min and SmoothRect
semantics were comparable to existing semantics (RQ2)

The minimum-only semantics (minonly) did not find a falsifying trace in any
benchmark. Examining the trace of its search showed that the robustness score
returned by the semantics remained zero. Although the min-only semantics is
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sound, it can be interpreted as overly conservative. The semantics based on [17]
also did not find any falsifications. This could possibly be caused by the un-
soundness of the semantics, as the reported robustness values do indeed change
but remained positive. This would result in some true counterexamples being
skipped in the search. Although it is possible to adjust the “softness” of the max
and min functions used in these semantics [I7], the adjustment would have to
be tailored to a specific problem and the scale of its objective function values.
The semantics inspired by TeLEx [2I] found falsifying traces in all benchmarks,
though often requiring more iterations. This is unsurprising as this semantics was
optimized for policy learning rather than falsification. Unlike other instantiations
of v and p, TeLEx features non-monotonic functions, which may complicate the
search as robustness scores decrease in magnitude towards both zero and infin-
ity. Product-based semantics (such as sum-product, max-product, and smoothl)
tended to on occasion perform poorly. Examining their robustness values showed
that these semantics frequently produced either very large or small values, and
at times approached or exceeded the system’s numerical limits. This may pro-
duce similar results to the constant semantics when large values saturate the
robustness computation.

The results of the ARCH 2020 replication experiment are shown in Table [3]
Each entry shows the number of successful falsifications out of 10, as well as the
average number of objective function calls until successful falsification (parenthe-
sized). The run with the most successful falsifications is displayed in boldface,
with ties broken by the number of evaluations. Most of the AT benchmarks were
falsified consistently by all semantics, and required on average a low number of
evaluations until a falsifying trace is found. Compared to published results, Max,
Const, and Add semantics generally performed similarly in relative performance
in our replication experiment with similar trends in the mean evaluations until
falsification. Therefore, we believe that, for RQ3, the semantics implemented in
our generalization compare similarly to those from existing evaluation. In addi-
tion, sum-min semantics had the highest falsification rate of all semantics, and
had the lowest average number of evaluations per successful falsification in 4 out
of the 9 benchmarks. This indicates that, for the benchmarks we evaluated, this
semantics is comparable to, and sometimes better than existing semantics from
the literature (RQ2)

7 Conclusion and Future Work

The data we collected in our experimental evaluation does not appear to fa-
vor any particular semantics for all problems. This is to be expected given the
diversity of problems and the relatively small dataset. Nevertheless, our gen-
eralization and implementation thereof provides a method to directly compare
various semantics

Therefore, concurring with other evaluations [I2], we believe that system
designers employing falsification should try several quantitative semantics, or
experiment to find semantics that perform best for their application. Using our
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Table 2: Objective Evaluations until Falsification

autotrans| AFC| Proj| Path|Path2
Max [L1] 65| 43| 26| 55 352
Const [1T] 205| 63| 127| 178] 560
Add [11] 65| 43| 26| 55| 365
TeLEx [21] 205| 43| 348| 358 352
Cumulative [I7] DNF|DNF|DNF|DNF| DNF
Sum-Product 397 63| 359 53| 560
Sum-Min 65| 43| 26| 55| 365
Max-Product 397 63| 359| 53| 560
MinOnly DNF |DNF|DNF|DNF| DNF
SmoothRect 65| 43| 26| 55| 352
Smooth-1 397| 63| 359 173| 560

Table 3: ARCH Replication Experiment, Falsifications out of 10 (Mean evalua-
tions per falsification)

AT1 AT2 AT51 AT52 AT53
Max [11] 8 (151.4)| 10 (11)|10 (34.1)[10 (11.8)|10 (16 1)
Const [L1] 0 (-)|10 (16.8)|10 (8.1) 10 (16.8)| 10 (8.8)
Add [11] 5 (156.2)|10 (15.2)[10 (36.4)| 10 (20.3)[10 (16 3)
TeLEx [21] 0 ()10 (13.7)|10 (14.8)| 10 (17.9)[10 (12 8)
Sum-Product 0 (-)[10 (6.6)(10 (16 2) (16 9)| 10 (7.3)
Sum-Min |9 (173.6)|10 (13.6)| 10 (9.7)] 10 (14) 10 (6.2)
AT54 AT6a AT6b AT6c
Max [L1] (84 9)[ 10 (56)| 9 (49.7) (29 9)
Const [11] 0 (55)| 9 (87.7)[10 (39.9) 0 (57)
Add [1] (69 5)|10 (20.8)| 10 (45.2) (33 8)
TeLEx [2I] | 10 (97.2)| 10 (62.8)| 10 (70.7)| 10 (56.2)
Sum-Product| 10 (84.7)| 8 (134.9)| 7 (50.6)| 10 (53.3)
Sum-Min 10 (49.1)| 10 (55.2)| 10 (55.5) 10 (25.3)
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generalization, one may even develop bespoke semantics for a particular problem,
with the assurance that its correctness can be easily checked using our soundness
conditions. Unlike in existing work, this is facilitated by the general framework
as it allows direct comparisons of semantics in the same environment, leaving
other implementation details constant.

Our current experimental evaluation only examines the use of quantitative
semantics in falsification tasks. Nevertheless, a generalized semantics framework
can be employed in other application areas, such as control synthesis [7JI7] or
policy learning [2I]. As with falsification, it is likely that performance will de-
pend on choice of semantics or properties inherent to particular instantiations.
It is possible that semantics that perform well in falsification are not necessar-
ily optimal choices for other tasks. Additional experiments using benchmarks
representative of these classes of problems will be necessary.

Our falsification experiments can also be expanded somewhat by examin-
ing other solvers or optimization techniques. Presently, we use Breach’s Nelder-
Mead optimizer, a gradient-free method, since many of the evaluated semantics
are not differentiable. Other works have proposed using gradient-based solvers,
paired with differentiable semantics, to potentially speed up the search process
[21124]. We believe this will allow us to, for instance, evaluate the performance
improvement of pairing smooth semantics with a gradient-based solver. In addi-
tion to soundness and differentiability, we may consider other “meta-properties”
of semantics instantiations and their effects on performance. For example, mono-
tonicity may be suggestive of efficiency when paired with a gradient-following
solver, while kernel size may be proportional to falsification difficulty

By developing a generalization of quantitative semantics, we not only enable
easier direct comparisons of existing and novel quantitative semantics, but also
provide a way to express useful meta-properties about them, such as soundness.
We believe that by enabling direct comparisons of quantitative semantics, our
framework will enable system designers to make informed decisions about their
choice of semantics in optimization-based falsification.
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